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(2) doesn’t allow to judge a model’s performance based on its posterior predictive capabilities. Thus, traditional BME-based
approaches ignore useful data or models due to issue (1) or disregards Bayesian updating because of issue (2). To address these
limitations, we advocate to include additional information-theoretic scores into BMS and BMJ analysis: expected log-predictive
density (ELPD), relative entropy (RE) and information entropy (IE). Exploring the connection between Bayesian inference
and information theory, we explicitly link BME and ELPD together with RE and IE to indicate the information flow in BMS
and BMJ analysis. We show how to compute and interpret these scores alongside BME, and apply it in a model selection
and similarity analysis framework. We test the methodology on a controlled 2D groundwater setup considering five competing
conceptual models accompanied with different data sets. The results show how the information-theoretic scores complement
BME by providing a more complete picture concerning the Bayesian updating process. Additionally, we present how both
RE and IE can be used to objectively compare models that feature different data sets. Overall, the introduced Bayesian
information-theoretic framework helps to avoid any potential loss of information and leads to an informed decision for model

selection and similarity.
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Key Points:
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Abstract

Bayesian model selection (BMS) and Bayesian model justifiability analysis (BMJ) pro-
vide a statistically rigorous framework to compare competing conceptual models through
the use of Bayesian model evidence (BME). However, BME-based analysis has two main
limitations: (1) it’s powerless when comparing models with different data set sizes and/or
types of data and (2) doesn’t allow to judge a model’s performance based on its poste-
rior predictive capabilities. Thus, traditional BME-based approaches ignore useful data
or models due to issue (1) or disregards Bayesian updating because of issue (2). To ad-
dress these limitations, we advocate to include additional information-theoretic scores
into BMS and BMJ analysis: expected log-predictive density (ELPD), relative entropy
(RE) and information entropy (IE). Exploring the connection between Bayesian infer-
ence and information theory, we explicitly link BME and ELPD together with RE and
IE to indicate the information flow in BMS and BMJ analysis. We show how to com-
pute and interpret these scores alongside BME, and apply it in a model selection and
similarity analysis framework. We test the methodology on a controlled 2D groundwa-
ter setup considering five competing conceptual models accompanied with different data
sets. The results show how the information-theoretic scores complement BME by pro-
viding a more complete picture concerning the Bayesian updating process. Additionally,
we present how both RE and IE can be used to objectively compare models that feature
different data sets. Overall, the introduced Bayesian information-theoretic framework
helps to avoid any potential loss of information and leads to an informed decision for model

selection and similarity.

1 Introduction

Environmental modelling allows researchers to reproduce physical systems under
different conditions, be they current or future, for design, management or decision mak-
ing purposes. Due to the high complexity involved in environmental modelling, simpli-
fications and assumptions are necessary to consider the different processes that interact
with each other (Wainwright & Mulligan, 2013). Consequently, different sources of un-
certainty arise in environmental modelling, including parameter, model input and mea-
surement uncertainty (Refsgaard et al., 2007). Additionally, there is uncertainty asso-

ciated with the model itself, referred to as conceptual uncertainty, which has been proven
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to be a main source of uncertainty (Bredehoeft, 2005; Neuman, 2003; Rojas et al., 2008;
Gupta et al., 2012).

Due to incomplete knowledge on the real system, there is not one single way of rep-
resenting a given physical phenomenon. Therefore, multiple models can be used to re-
produce it, with different levels of detail and complexity (J. Smith & Smith, 2007). Con-
sequently, subjectively limiting the number of possible models to only one can result in
an underestimation of the chosen model’s uncertainty or in an overconfidence in its pre-
dictive capabilities. This, in turn, can lead to biased results, especially with regards to
parameter values, which could be compensating for errors regarding the model selection

(Neuman, 2003; Rojas et al., 2008; Ye et al., 2004).

Therefore, the problem becomes centered around the question which model to use

to represent the true, unknown system, given the current, limited knowledge on it. A

widely accepted method to tackle conceptual uncertainty is through multi-model approaches

(Neuman et al., 2003; Bredehoeft, 2005; Refsgaard et al., 2006). Here, a group of com-

peting conceptual models are either generated or selected, and then tested against some

acceptance criteria regarding, e.g, model fit, model complexity, consistency or multi-objective

criteria (Neuman, 2003). Enemark et al. (2019) present a list of publications where con-

ceptual uncertainty in groundwater systems was considered through multi-model approaches,

showing the importance this topic has been given in previous years. Deterministic ap-
proaches to multi-model selection use model performance criteria, such as mean square
error (MSE), Nash-Sutcliffe efficiency (Nash & Sutcliffe, 1970) and cross validation meth-
ods (Stone, 1974; Jung, 2018) as model comparison criteria (Gupta et al., 2009). Nev-
ertheless, these do not allow to account for parameter uncertainty, unlike a Bayesian ap-

proach.

Bayesian multi-model approaches, such as Bayesian model selection (BMS, (Raftery,
1995)) are based off of Bayes’ theorem (Kolmogorov & Bharucha-Reid, 2018). They pro-
vide a rigorous stochastic framework to rank and select among competing models, while
also considering parameter, input and measurement uncertainty (Draper, 1995). In BMS,
a prior belief with regard to model adequacy is updated to posterior model weights, based
on observed data (Schoniger, Illman, et al., 2015). Traditionally, model ranking in the
BMS framework is based on the values of Bayesian model evidence (BME), which are

defined as the probability of a model of reproducing the available data (Raftery, 1995;
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Draper, 1995). Such BME-based model selection approaches have been used in many fields
for model ranking, and/or selection purposes, for example: Schoniger, Illman, et al. (2015)
and Elshall and Ye (2019) for groundwater modelling, W&hling et al. (2015) for crop mod-
elling, Marshall et al. (2005) for hydrological models, Brunetti et al. (2017) in hydrogeo-
physical modelling and Schéfer Rodrigues Silva et al. (2020) in reactive groundwater trans-
port models, to name a few. Additionally, Mohammadi et al. (2018) and Scheurer et al.
(2021) apply BMS using surrogate models for sediment transport in rivers and to bio-

chemical processes in the subsurface, respectively.

BME is also referred to as the marginal likelihood, since it is computed by estimat-
ing the average of the model likelihood over the entire prior parameter space (Kass &
Raftery, 1995). Thus it often requires multidimensional integration, which can come at
high computational costs. Consequently, several approximations for the calculation of
BME exist to avoid said integration, including the harmonic mean estimate (Newton &
Raftery, 1994), marginal likelihood calculations by Gelfand and Dey (1994) and Chib
and Jeliazkov (2001) (see Liu and Liu (2012) for an overview), the Bayesian information
criterion (BIC) (Schwarz, 1978) and the Kayshap information criterion (KIC) (Kashyap,
1982), to name a few. These, however, require assumptions which can lead to biased re-
sults (Schoniger et al., 2014). The Monte Carlo sampling technique (Hammersley, 1960)
provides a bias-free framework to approximate BME, given that it allows to sample from
the entire prior parameter space. In spite of presenting high computational costs, it has

shown to provide the best results based on a benchmark test by Schoniger et al. (2014).

In addition to BMS, Schoniger, Illman, et al. (2015) apply a model comparison method-
ology based not on the true observation data but on an inter-model comparison, and called
it Bayesian justifiability analysis (BMJ). In BMJ, each competing model takes turns be-
ing the true data generator and is compared against all other models, including itself,
in a Bayesian setup. The results, composed of BME-weights, are then summarized in a
model confusion matrix (MCM). The term confusion matrix is borrowed from machine
learning, where it is used for classification-type problems (see Tharwat, 2020). Similar
as with the machine learning application, the MCM allows to visualize similarities be-
tween the considered models and to justify model complexity, given the available data.

It can therefore complement the model selection analysis. Recently, the BMJ framework

has been extended to computationally demanding models applying surrogates (Schéfer
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Rodrigues Silva et al., 2020; Scheurer et al., 2021) and for model uncertainty quantifi-

cation (Reuschen et al., 2021).

Even though traditional BME-based BMS analysis does provide a statistically rig-
orous methodology for considering uncertainties, it does present some limitations, which
also extend to the BMJ methodology. The first limitation of the BME-based frameworks
consists in BME being powerless when comparing models that can only work with dif-
ferent data sets sizes and/or types of data. This can be the case for models with differ-
ent space discretization, which use a different subset of the available data, or models with
different levels of complexity, e.g. solely flow or flow-transport models, that can repro-
duce different types of data. BME, through the likelihood function, is dependent on data
set properties, such as data set size and measurement error. When comparing models
with different data sets, this influence can be independent on model fit. Therefore com-
paring models with different data sets can lead to biased results. This implies that any
extra, potentially informative data associated to a subset of models cannot be used, and
would therefore be wasted. Several studies have addressed the impact of measurement
error, data type and data set size on model rankings (see Rojas et al., 2010; Schoniger,
Wohling, & Nowak, 2015; Wohling et al., 2015), and have shown that one can obtain sig-
nificantly different BME weights depending on the number and/or type of data used for
the comparison. These studies, however, have focused on model sets within the tradi-
tional BMS framework (comparing all models against the same data) and have not, to
the best of our knowledge, addressed the subject of comparing models based on differ-

ent data sets and the direct effect of the likelihood function.

Indeed, BME, through the likelihood function, depends on the data set properties,
including measurement quality (error) and data set size. Schoniger, Wohling, and Nowak
(2015) and Wohling et al. (2015) mention that one could get significantly different model
selection scores (or model weights) depending on the data set chosen for calibration or
testing. Consequently, the methodology is limited to comparing models with the exact

same calibration/testing data set to avoid bias in the results.

The second limitation of the existing BME-based approaches is that BME does not
allow to judge the performance of a model based on its posterior predictive capabilities.
Basically, in the Bayesian theory (see Kolmogorov & Bharucha-Reid, 2018; Gelman et

al., 1995), BME is considered as a normalization factor that can be obtained via the in-
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tegration of the likelihood over the prior parameter space. Therefore, BME values con-
tain only partial information required for the Bayesian updating of a model via the ob-
servation data. Additionally, they are highly sensitive to prior selection (Raftery, 1995).
In other words, BME-based approaches fail to give an idea of the posterior predictive
capabilities or how much the model was able to learn from the data, which are integral

steps within the Bayesian framework.

One way to deal with the problems posed by BME is through the use of informa-
tion theory, which has close ties to Bayesian inference, given that the latter is linked to
maximum entropy quantification and is efficient in terms of information content (Zellner,
1988). Information theory scores include the expected-log posterior likelihood (ELPD),
relative entropy (RE), also known as Kullback-Leibler divergence (Kullback & Leibler,
1951), and information entropy (IE), which stem from Shannon’s definition of entropy
(Shannon, 1948). They have been widely used in probability theory applications to quan-
tify the uncertainty and amount of information (Murari et al., 2019), for model selec-
tion purposes (Gelman et al., 2014; Murari et al., 2019; CIiff et al., 2018; Vecer, 2019)

and optimal experimental design (Nowak & Guthke, 2016; Lindley, 1956).

Many applications use approximations of entropy, such as the Akaike information
criteria (AIC) (Akaike, 1974), WAIC (Watanabe, 2010), AICc and the multivariate Gaus-
sian posterior estimate (Oladyshkin & Nowak, 2019) due to the difficulty to calculate
entropy values for high-dimensional problems. These, however, require the use of assump-
tions, which can cause bias in the results (Oladyshkin & Nowak, 2019). To overcome this,
Oladyshkin and Nowak (2019) present a connection between Bayesian inference and in-
formation theory and propose methods to compute BME in combination with ELPD,

RE and IE, to measure information content in Bayesian updating and for model selec-

tion purposes.

Based on the methods proposed in this study, some of these information-theoretic

scores remain meaningful when comparing models with different data sets, given that

they tend to be less dependent on data set properties. Moreover, as suggested in Oladyshkin

and Nowak (2019), the relation between Bayesian inference and computing certain information-

theoretic scores avoids any additional assumptions and skips any multidimensional in-
tegration or density estimation, which is why we have chosen to follow said methodol-

ogy. Overall, the Bayesian information-theoretic scores allow to obtain information on
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the updating process within the Bayesian inference framework, which is ignored in tra-
ditional BME-based BMS and BMJ analysis. The approach proposed in (Oladyshkin &
Nowak, 2019) has been applied in active learning techniques for surrogate model gen-
eration (Oladyshkin et al., 2020), but not, to the authors’ knowledge, for model selec-

tion or similarity analysis as in the context of the current paper.

The current paper proposes to complement the traditional BME-based BMS method-
ology with information-theoretic scores. The goal is to overcome the two aforementioned
limitations surrounding BME. We focus mainly on the addition of ELPD as a measure
of information between the likelihood and the posterior (posterior model fit), RE between
the prior and the posterior (updatability conditioned on the data) and IE of the poste-
rior for model selection and comparison purposes. To avoid additional assumptions due
to the novelty of the methodology, we make use of the prior-based Monte Carlo sampling
approach (Hammersley, 1960; Gelman et al., 1995). Additionally, and building on the
work by Schoniger, Illman, et al. (2015), we seek to further complement the BMS pro-
cedure with a model similarity analysis, using model confusion matrices based on BME
and the different information-theoretic scores, to determine in which step of the Bayesian

updating process do the models present similarities, or differences.

We apply and test the methodology on a synthetic groundwater model setup, made
up of five competing models and based on the setup in Schéniger, Illman, et al. (2015).
Here, four flow-transport models and one flow-only model, with different spatial hydraulic
conductivity distribution, are compared against each other (model similarity analysis)
and against a set of synthetically generated data (BMS). This setup will allow to test
our proposed methodology on environmental models with different complexity, represented
by their priors, as well as with different data sets. With this study and its application
case, we seek to 1) present the behavior of the information-theoretic scores within the
BMS and model similarity frameworks, and how they can be interpreted to complement
BME; 2) determine which scores can be used to select and compare between models with

different data sets, and the limitations associated to them.

The remainder of the paper is organized as follows: in Section 2 we present an overview

of traditional BME and BMJ frameworks. We then introduce the synthetic setup in Sec-
tion 3. We briefly present the different information scores, as well as a computationally

simple way to calculate them in Section 4. Here, we also show how these scores overcome



205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

the current limitations of BME-based BMS and BMJ approaches and we guide the reader
in how to interpret them within both frameworks. Lastly, the results and discussion are

presented in Section 5.

2 Bayesian Model Assessment Framework
2.1 Bayes’ Theorem

In Bayes’ theorem (see Kolmogorov & Bharucha-Reid, 2018), current knowledge
associated with the set of uncertain parameters, for a given model My, is encoded in a
so-called prior distribution. This distribution can be the result from previous experience
or field measurements (Moore & Doherty, 2005). The current beliefs are then updated
based on how well the model can reproduce historically observed data to obtain a pos-
terior distribution (Raftery, 1995), which should be more, or just as, informative as the
prior (Oladyshkin & Nowak, 2019). Bayes’ theorem can therefore be summarized by the

following equation:

p(Yo|wkaMk)p(wkka) (1)
P(yol M) ’

where p(wy, M) is the prior distribution of modeling parameters wy, from the param-

p(wk, Mily,) =

eter space 2, p(y,|wk, My) is the likelihood function, p(wy, Mk|y,) is the updated pos-
terior distribution and the denominator p(y,|My) is the probability of data given M.
The latter could be seen as a normalizing factor to obtain the posterior distribution and

is referred to as Bayesian model evidence (BME).

The likelihood function (see Aldrich, 1997) serves as the connection between the
prior and posterior distributions by incorporating the observed data (Press, 2009). Specif-
ically, the term p(y,|wg, M) in equation (1) states how likely it is that a given model
M., with parameter set wy, can fit the observed data set y, within the tolerance implied
by the data’s measurement error. If one assumes Gaussian-distributed independent er-
rors, as we do for the purpose of this paper, a multivariate Gaussian distribution can be

used as a likelihood function:

—N,

o 1 _
27 |R|™"/? exp 5= ¥o) "R (i = ¥o) | (2)

P(Yolw, M) = (27)

where R is the (here diagonal) covariance matrix of measurement errors of size N, x N,,

with N, being the number of observations in the calibration data set, y, is the vector
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of calibration data (observations) and y,, is the vector of corresponding model results
from model M. The term to the left of the exponent is a normalizing factor, such that
the area under the likelihood function integrates to one over the distribution of measure-
ment error. The goodness of fit to the data is encoded in the exponential term on the
right. Extended approaches exists that account for auto-correlated and/or non-Gaussian
error, or that include statistical representations of model inaccuracies. As we will not
exploit specific properties of equation (2), our assumption does not induce any loss of

generality.

The equation for BME can be rewritten as follows:

p(y,|My) = BME), = / Do, Mi)p(wr, Mydewy), 3)
Q

or, shortly, using the prior-based expectation Epjor[-]:
BMEk - ]Eprior[p(yo|wkaMk)]a (4)

where the BME value is expressed as an integral over the total parameter space wy and,

for that reason, also known as the marginal likelihood (Kass & Raftery, 1995). Based

on this formulation, BME values are sensitive to prior selection (Kass & Raftery, 1995)

and, therefore, tend to favor models with the best compromise between model flexibil-

ity and model fit (Schoniger, Illman, et al., 2015). There are several alternative approaches
to estimate BME using posterior marginalization or additional approximations (see Schoniger
et al., 2014; Oladyshkin & Nowak, 2019). However, equation (3) is often employed us-

ing the prior-based brute Monte Carlo (MC) sampling (Hammersley, 1960), yielding to

the following estimate:

1 Nye
BME), ~ yo > p(y,| M, w;). (5)
i=1

It is well-known that MC sampling in equation (5) requires a large number of model
realizations (Njys¢) and can therefore become computationally prohibitive. Neverthe-
less, this sampling technique, compared to others, avoids additional assumptions (see de-
tails in Schoniger, Illman, et al., 2015; Oladyshkin & Nowak, 2019). Therefore, in the
current paper, we follow the MC sampling strategy to avoid additional assumptions and

biased results, given the novelty of the framework we are suggesting.
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2.2 Bayesian Model Selection

In a similar manner as with parameter uncertainty, Bayes’ theorem can be used to
quantify conceptual uncertainty associated to model choice through BMS. Here, both
the prior parameter and model adequacy beliefs of model M} are updated based on the
observed data to obtain posterior parameter distributions and posterior model weights
(Chipman et al., 2001). Considering a finite number of competing models N, the BMS
formulation for a given model M can be summarized by the following equation (Hoeting

et al., 1999):

P(Y ol M)W (Mk)
S Pyl M)W (M)
where W(M},) and W (Mjy|y,) are the model prior and posterior weights associated to

W (Myly,) =

: (6)

a given competing model My, respectively. The use of a uniform distribution of 1/Ny;

is often used as a prior model assumption, since it allows for the updated model weight
to depend solely on the model’s fit to the data, and not on subjective prior distributions
(Chipman et al., 2001; Press, 2009). The denominator in equation (6) is a normalizing
factor, such that the sum of all model posterior probabilities is equal to 1. This denom-
inator is the same across all models. Therefore, the only term which has an effect on the
posterior model weight is p(y,| M), which is the BME for model My, that quantifies the

goodness of fit of model M}, against the available data.

As BME is a relative measure of model fit associated to a model, a strategy for model
selection is to choose the model with the highest posterior model weight (Chipman et
al., 2001; Oladyshkin & Nowak, 2019), given that a higher BME indicates the best com-
promise between the model fit and the model’s flexibility, where the latter is represented
by the prior distribution. Importantly, BME values are valid only for the current state
of knowledge, and are dependent on the data and the set of models being analyzed. This
implies that, if more knowledge is gained on the real values (additional measurements)

or additional models are considered, the BMS weights (W) could change.

2.3 Bayesian Justifiability Analysis

In a BMJ setup, as applied by Schoniger, Illman, et al. (2015), the goal is to test
whether the complexity (e.g. parameter number and spread of their prior) of models would

be justifiable when facing a limited data set, under the assumption that the models could
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actually be true. To this end, the models are not compared against observed data (as

in BMS) but against each other, in a synthetic setup. Here, each competing model takes
turns in being the data-generating model and is then compared against all competing
models, including itself, within the Bayesian modelling framework. As a result, BME weights

are obtained for each data-generating/competing model combination.

In BMJ, Ny realizations from the parameter prior of each data-generating model

M; are sampled and evaluated in the model. Noise is then added to each data set to ac-
count for the measurement error associated to real observations (Reuschen et al., 2021).
Each model data set y*lﬁj, with I = 1 : Ny, then takes turns being the "true” data
for model Mj, and the Bayesian framework is applied for each competing model Mj,. The
BME weights (BM Ey, ;) are then averaged over all Ny realizations, to obtain an aver-
aged BM E}, ; value, as summarized by the following equation:

_ 1 Qa

BME,; = & l; BME},, (7)
where mk’j is the averaged BME of model M}, given N, realizations of model M;.
The results for all BME}, ; are then summarized in a so-called model confusion matrix
(MCM) (Schoéniger, Illman, et al., 2015). The MCM has the size Njs x Ny, where the
columns represent the data-generating models, M, and the rows represent the compet-
ing models M}. Confusion matrices, also referred to as contingency or error matrices,
are often used in machine learning applications, e.g. classification problems (see Lind-

holm et al., 2022).

Figure 1 shows a schematic illustration of generating the MCM. Following the or-
der set by equation (7), each y*, ; (each column in Figure 1) takes turns in being the
true data and the Bayesian framework is applied for each competing model Mj. The red-
highlighted box in Figure 1 represents the likelihood value obtained when comparing each
individual realization M}, ; of model My, for i = 1...Njsc, against a single synthetic data
set M, generated by model M;. Expectation over Nj;c realizations of the competing
model My, is schematically displayed by each row in Figure 1 (blue highlighted boxes),
which results in BM E}, ;. The averaged weights for each realization of model M}, given
M;, are represented by the entries along the green cells in Figure 1. Lastly, these BM E},
values are averaged to obtain the MCM entries, represented by the yellow area in Fig-

ure 1.

—11—
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Figure 1. Schematic illustration how to construct a model confusion matrix. Red box: likeli-
hood of a single realization drawn from model My—1, given a single realization drawn from model
M;—5. Blue boxes: average likelihood (BME) of model M= given a single realization of model
Mj—>. Green boxes: Average BME values for model My—> given all realization of model M;—.
The diagonal boxes (e.g. yellow box) correspond to the average BM Ey, ; for a model M, given

data-generating model Mj.

Similar to the confusion matrices in classification problems, the diagonal values in
the resulting MCM correspond to how much a model measures up against itself as the
data generator, while the off-diagonal values correspond to how the models measure up
against each other. Therefore, diagonal weights close to 1 indicate that the model can
identify itself as the true data generator, and does not confuse its results (Schoniger, Ill-
man, et al., 2015). On the other hand, diagonal values close to 1/N,, indicate that a model
confuses its predictions with those of other models. This can be caused by either mod-
els being very similar in their predictions, or the available data set size not being big enough
for a model to identify itself (Schoniger, Illman, et al., 2015). Therefore, “the [MCM] re-
veals whether two models are actually very similar in their predictions, while the con-
ventional BMS analysis cannot distinguish this case from the case of two models that

by chance achieve a similar overall goodness of fit” (Schoniger, Illman, et al., 2015).A
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similar type of analysis, but with the main focus on off-diagonal values was used by Schéfer

Rodrigues Silva et al. (2020) to reveal and discuss similarities within a set of models.

2.4 Effect of Different Calibration Data Sets

BME’s dependence on calibration data set properties, such as data set size, infor-
mativeness and measurement error, comes from the likelihood function in equation (2).
When the same data set is used for all competing models, the normalization factor (27r)7TN° |R|~1/2
in equation (2) is the same for all models and therefore cancels out when applying equa-
tion (6) to calculate W (Mjyly,). In this case, the effect of data set size and measurement

error is concentrated inside the exponential term, in the values and size of R, where it

is combined with model fit.

Canceling the normalization factor is not possible if models with different data sets
(including different data set sizes and/or measurement errors) are considered. Thus, their
effect on the normalization factor must be taken into account and will directly affect the
BME value, independent on model fit. Indeed, from equation (2), one can see that the
first term, (277)%%, decreases with increasing data set size, decreasing likelihood values,
and thus BME. In the second term, |R\_1/ 2. the value of the determinant of R depends
on both data set size and the magnitude of the measurement error. Consequently, BME
becomes powerless when comparing models with different data sets, since the models would
not be under equal conditions and thus BME would lead to biased results. We will fur-
ther explore this scenario using a groundwater case study, in which we compare mod-
els with different data sets. We will use this example to expose the problems with BME
in these cases, and how we can use information-theoretic scores to potentially overcome

them. We describe the groundwater case study in Section 3, followed by a description

of the information-theoretic scores in Section 4.

3 Description of Groundwater Case Study

There is a high uncertainty associated to subsurface modelling, especially with re-
gard to the spatially variable parameters and the different processes involved (James &
Oldenburg, 1997). Therefore, there is not a unique conceptual /mathematical represen-
tation of such systems that satisfies all applications. This topic has been tackled in many

studies, including in Schoéniger, Illman, et al. (2015), where the problem of choosing a
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spatial parametrization for hydraulic conductivity (heterogeneity) given a set of possi-

ble models is addressed. Additionally, one could also be confronted with the problem of
choosing which processes to consider as relevant, for example whether we use a flow-only

or a flow-and-transport model to represent our system. A reason to do so is that addi-

tional transport-related data can be highly informative on details in hydraulic conduc-

tivity fields, but only if a corresponding upgrade of models to include transport (and transport-
related parameters) is done (Nowak & Cirpka, 2006). If one considers both flow-and-transport
and flow-only models, the competing models would therefore depend on different data

sets. Consequently, it poses a challenge for the traditional BME-based BMS approach
described in the previous section. To overcome this challenge, we propose to test this
scenario, considering models with different data sets, with the Bayesian and information-

theoretic methodology.

We set up a synthetic groundwater model comparison, where the challenge of mod-
elling subsurface heterogeneity is examined by comparing four models with different spa-
tial distributions of hydraulic conductivity (K). This setup is loosely based on the one
presented in Schoniger, Illman, et al. (2015). We build on this work by additionally con-
sidering both flow and transport models, which depend on different data sets. Conse-

quently, the following five competing models are considered in our setup:

1. transport, homogeneous model (hm)

2. transport zoned model, with five zones (zmy)
3. flow zoned model, with five zones (zms_f)

4. transport, zoned model, with nine zones (zmy)

5. transport, geostatistically distributed model (gm).

We will compare the models against a synthetic run of one of the competing models, as
opposed to an experimental laboratory setting, as was the case in Schoniger, Illman, et
al. (2015). This provides a controlled setup, where we know beforehand both the syn-

thetically true observations and the synthetically true K distribution.

Through this application, we seek to demonstrate the behavior of the additional
Bayesian information-theoretic scores for models with different conceptual representa-
tions (prior flexibility) and with different data sets. We also plan to address how the mod-

els with different data sets could be assessed against each other using MCM. To do so,
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we will first summarize the simulation setup as well as the competing models in the fol-
lowing sections, followed by the results obtained for both the model selection and model

similarity analysis in Section 5.

3.1 Synthetic Groundwater Model Setup

For generating the groundwater models, we use a MATLAB-based finite element
method (FEM) code, based on the program used in Schéniger (2010). The program solves
the steady state, 2D groundwater transport equations for a 50 m x 50 m confined aquifer,
discretized every 1 m. A Dirichlet boundary condition of 1 m and 0 m were set on the
west and east boundaries, respectively, and impermeable Neumann boundary conditions
were assigned to the north and south boundaries. Additionally, a tracer plume was lo-
cated in the middle of the west boundary. For all competing models, the boundary con-
ditions and the different transport parameters were kept constant. The model constants
are summarized in Table 1. More information on the model setup can be found in Schoniger

(2010) and Nowak and Cirpka (2006).

Table 1. Boundary conditions and constant aquifer and transport parameters

Parameter Value
Domain size [50 m, 50 m]
Grid size [1m,1m)]
West BC* 1m
East BC* 0Om
North BC* 0m/s
South BC* 0m/s
Porosity 0.35
Longitudinal dispersivity 2.5m
Transverse dispersivity 0.5m
Diffusion coefficient 121072 m/s

*BC = Boundary condition.
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We consider four different hydraulic conductivity (K) models to generate five com-
peting groundwater models, following the logic presented in Schéniger, Illman, et al. (2015).
The homogeneous model represents the simplest model, since it consists of a single K
value assigned to all cells in the grid. The controlled nature of the experiment allows for
two informed, zoned models, one divided into five independent K zones, and one divided
into nine zones, with the latter therefore being more flexible. For these three models, we
assume that the In(K) values follow a normal distribution with a mean of In(12107°) and
a variance of 1. Lastly, the most flexible model is represented by an isotropic geostatis-
tical model, in which In(K) follows a multivariate Gaussian distribution with an expo-
nential covariance function, with a mean of In(12107°), a variance of 1 and correlation
length of [10 m.,10 m.]. This results in 2500 uncertain parameters, which are all depen-
dent on each other. A summary of the different In(K) parametrization models can be

seen in Table 2.

For this test case, the synthetically true In(K) distribution was generated from a
realization of the geostatistical model, which can be observed in Figure 2. The synthetic
setup and the synthetic observation data generated from it will be discussed further in
Section 3.2. The informed zone classification for both the 5-zoned and the 9-zoned mod-
els were based on this In(K) distribution to simulate a prior knowledge of the real In(K)

field. Both zone classifications can be seen in Figure 3.

Table 2. Summary of hydraulic conductivity parametrization models

Model Number of parameters Parameters’ distribution
Homogeneous (hm) 1 N [In(121079), 1]
5-zoned (zms) 5 N [In(121075), 1]
9-zoned (zmy) 9 N [In(121079), 1]
geostatistical (gm) 2500 N [In(121075), 7]

*¥ = Exponential covariance function, with correlation length (z,y) = [10 m, 10 m].

We evaluate the model outputs in five, arbitrarily-located observation wells within
the study area, which are shown in Figure 2. We take the four previously-mentioned In(K)

models as flow-and-transport models, with hydraulic head (h) and concentration (c,) mea-

—16—



410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

manuscript submitted to Water Resources Research

surements. Thus, they count with a calibration data set size of 10. To include a model
with a different data set size, we additionally consider the 5-zoned model as a flow-only
model, which only considers hydraulic head observations and thus has a calibration data

set size of five.

40 —10
30 —11
=
20
122
20
—13
10
—14

Figure 2. True In(K) spatial distribution, synthetically generated through the geostatistical

model. The black dots correspond to the location of the measurement points.

3.2 Synthetic Setup

For the controlled setup, we use a random realization of the geostatistical model
as the synthetic, true observed data, since it represents the most flexible model, from both
a number of parameters and an output space perspective. The true spatial A and ¢, dis-
tribution can be seen in Figures 4a and 4b, which represent the data that the compet-

ing models will be compared against in a BMS setup.

If one had an infinite number of model realizations, the geostatistical model would
be able to reproduce data generated from itself perfectly. To properly account for mea-
surement noise in this synthetic setup for BMS and BMJ analysis, noise was added to
the synthetic data set, to account for measurement error (Reuschen et al., 2021). For the

noise, we consider a standard deviation of hepror = 0.06m and ceprorr = 0.06 + 0.2¢,,
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Figure 3. Zone classification for a) 5-zoned model and b) 9-zoned model, based on syntheti-

cally true In(K) distribution.

assuming a relative error for ¢, dependent on the measured value. Therefore, the flow
and transport models have not only different data set sizes, but also observations with

different measurement errors.

4 Bayesian Information-Theoretic Model Assessment Framework

The topic of information theory, in the context of communication theory, was ad-
dressed by Shannon (1948), and has paved the way to information theory in the context
of probability and statistics. More information on the development of information the-
ory can be seen in the works by Kullback (1997) and Commenges (2015), to name a few.
This field focuses on quantifying of the amount of information or uncertainty in data,
referred to as information entropy. Originally, information theory was introduced for dis-
crete probabilities (Shannon, 1948) and then expanded to continuous distributions. Dif-
ferences with regards to discrete and continuous entropy are further detailed in Marsh
(2013) and Santamaria-Bonfil et al. (2016). In the current work, we will explore the con-
nection between information theory for continuous distributions and Bayesian inference
as presented in Oladyshkin and Nowak (2019) to enhance the BMS and BMJ concepts

presented in Section 2.

We begin with a brief overview of information-theoretic scores, including informa-

tion entropy (IE), cross entropy (CE) and relative entropy (RE) within the Bayesian frame-
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Figure 4. Spatial distribution of hydraulic head (left) and concentration (right) for the true

synthetic run, generated with the geostatistical model

work. This is followed by a computationally simple way to calculate and interpret them

within both BMS and BMJ frameworks.

4.1 Definitions of Information-Theoretic Scores

Information entropy describes the quantification of the expected uncertainty, or the
missing information required to remove uncertainty from a random variable (Shannon,
1948). In the context of Bayesian theory, the IE of a parameter set wj can be calculated
for its prior or posterior probability distribution. In this work, we limit ourselves to quan-
tifying the IE for the posterior to determine the remaining uncertainty after updating

the prior based on the observed data. IE of the posterior is formulated as follows:

1E = Hip(wy, Myly,)] = — /Q P, Mily,) In [p(wi, Maly,)] de, (8)

where H|[] is the entropy according to

Hip(x)] = - / p(z) - Infp(z))de. (9)

Cross entropy (CE) (Shannon & Weaver, 1949) quantifies the expected missing in-
formation to get one distribution from another (Good, 1956; Shore & Johnson, 1980).

For the Bayesian framework, one can calculate the information needed to get the pos-
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terior p(wy, Mg|y,) from the prior p(w, M} as follows:

CFE = Hp(wk, Mkly,), p(wk, My)] = — /Qp(wk,MHyo) In [p(wg, My dwy,  (10)

where H[-, -] is the general cross entropy according to

Hip(z), g(x)] = — / p() - Infg(x)]dz. (11)

Similar to the CE in equation (10), the expected missing information to get the pos-
terior from the likelihood could also be assessed using a non-normalized cross entropy

(NNCE) (Oladyshkin & Nowak, 2019):

NNCE = Hlp(wr, Mily,), p(y,|wk, Mi)] = */ p(wi, Mily,) In [p(y,|wk, My)]dwy.
" (12)

The NNCE is non-normalized since the likelihood is considered a proper probability dis-
tribution with respect to the measurement errors for which the likelihood is determined,
and not with respect to the model parameters (Oladyshkin & Nowak, 2019). If one elim-
inates the negative sign in equation (12), the formulation can be reinterpreted as the ex-
pected log-predictive density (ELPD) (see Gelman et al., 2014; Vehtari & Ojanen, 2012),
given that the integral in equation (12) represents a posterior-based expectation of the

log-likelihood over the entire parameter space:

ELPD =—-NNCE. (13)

ELPD, in its different approximations, has been used to compare and check model
fit based on posterior predictive capacities within the Bayesian framework (Gelman et
al., 2014; Hoge et al., 2019; Schoniger et al., 2014). It can be used to describe the ac-
curacy with which a model can predict not only the data used for calibration, but also
all potential other data, including those used for testing or those not even available yet

(Gelman et al., 2014; Nicenboim et al., 2021).

Another score used to compare two probability distributions in terms of uncertainty
is RE, also known as the Kullback-Leibler divergence (D). Kullback and Leibler (1951)
mention that this term can be used as a measure of how different two distributions are,
or the amount of information needed to discriminate between them. Various authors re-
mark that relative entropy may seem like a measure of distance between two distribu-

tions, since RE > 0 and RE = 0 only if both distributions are the same. Nevertheless,
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it is not a proper measure of distance (Commenges, 2015) since it is not symmetric and
thus RE[A, B] # RE[B, A]. In the Bayesian context, we will use RE to assess the ex-
pected gain, or reduction in uncertainty, in going from the prior to the posterior as fol-

lows:

p(wr, Myly,)
RE=D wg, Mily,), p(wg, M /ln[o
krp(wk, Mily,), p(w, My] plwn, My

]p<wk,Mkyo>dwk. (14)
Q

Using equations (8) and (12), equation (14) can be also rewritten as the difference
between the cross entropy (CE) and the information entropy for the posterior (IE). In
other words, it can be calculated by removing the uncertainty of the posterior from the

amount of information needed to get the posterior from the prior:

RE =CE — IE. (15)

4.2 Computation of Information-Theoretic Scores

Various problems arise when solving equations (8), (12) and (15). This includes the
estimation of the multidimensional integral through additional assumptions, that become
necessary in high dimensions (Oladyshkin & Nowak, 2019). In the current paper, we use
the following approaches, in order to avoid any assumptions and still excluding multi-

dimensional integration.

4.2.1 ELPD

To compute ELPD (and therefore NNCE), we use a brute force Monte Carlo method-
ology. Given that the posterior parameter and output distributions are usually not known
in analytical form, equation (12) can be rewritten as a sample-wise expectation of the

posterior (giving equal weights to each posterior sample):

ELPD =E,u [ In[p(y,|wk, Mk)]], (16)
where E, 5[] is the posterior-based expectation.
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Additionally, posterior samples are a by-product of Bayesian updating. Therefore,

one can approximate equation (16) by:

Npos
1 post

ELPD ~ 5 % In[p(yolwi, M), (17)
post i=1

where Nj.s¢ is the total number of posterior parameter sets. Posterior samples can be
obtained, e.g., through MCMC techniques or via a rejection sampling technique (A. Smith
& Gelfand, 1992).

One can observe a similarity between equation (16) for ELPD and equation (5) for
BME; they are both measurements of model fit, with the former being in the posterior
and the latter in the prior parameter space. Therefore, as with BME, the best model from
this perspective is the one with the largest ELPD. In contrast to BME, ELPD has a smaller
influence from the prior, given that the prior does not play a significant role in poste-
rior predictions when having informative data (Gelman et al., 2014). Thus models with
different prior flexibility, which received different BME scores, can receive a similar ELPD

value if their posteriors present a similar model fit.

4.2.2 Relative Entropy

In order to compute RE, Oladyshkin and Nowak (2019) reformulate Bayes’ the-
orem from equation (1) and obtain the following formulation (see (Oladyshkin & Nowak,
2019) for more details):

RE = —In[BME] - NNCE, (18)

which is also equivalent to:

RE = —In[BME] + ELPD. (19)

Equation (18) indicates that RE can be calculated based on BME and NNCE, both
of which can be approximated using MCMC or rejection sampling techniques, as men-
tioned in the previous sections. Moreover, one can clearly see that the information gained
through the data, in the form of RE, is the difference between the prior model fit (through
-In(BME)), and the posterior model fit (through ELPD). From a Bayesian perspective,
the model with the largest RE is the one that reduces predictive uncertainty the most
when moving from the prior to the posterior parameter distributions, or to which the

available data was the most useful. Another way of interpreting RE, as mentioned by
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Oladyshkin and Nowak (2019), is that a maximum RE is assigned to the model whose
overall normalized likelihood function is most similar to the true unknown posterior dis-
tribution. This makes RE different yet still suitable as a model selection criterion. The
difference is that RE is often inversely related to BME and so can lead to different model

selection outcomes.

4.2.3 Cross Entropy

The cross entropy between the prior and posterior distributions in equation (10)

can be obtained from its definition using the posterior-based expectations (similar to ELPD):

CE = —Epost [In p(wy, My) | (20)

or, numerically, using posterior-based sampling:

Npost
1 pos

CFE ~= N E In[p(wg, M) ]. (21)
post i1

4.2.4 Information Entropy

With knowledge on ELPD, CE and RE, one can calculate IE in the Bayesian con-

text directly from equation (8):

IE=CE - RE (22)

or

IE =In[BME] — ELPD + CE. (23)

As previously mentioned, IE is the uncertainty of the posterior distribution. Con-
sequently, from a model selection perspective, one would be inclined to select the model
with the smallest IE (smallest uncertainty). A small IE can be due to a) a large gain in
information by moving from the prior to the posterior and/or b) a small uncertainty as-
sociated to the prior parameter distribution (simple or very informative prior). Another
way to interpret IE is through the two components in equation (22). From the equation
we see that IE depends on the difference between CE and RE. Both terms represent dif-
ferent aspects of the relationship between the prior and posterior distributions: RE rep-

resents the gain in information when moving from a prior to a posterior distribution and
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CE represents the uncertainty carried from the prior to the posterior (CE). Therefore,
it is important to consider how much of the posterior uncertainty is due solely to the prior
(CE), and how much is due to the informativeness of the data (RE) to make an informed

decision based on IE. We will further expand on this in Section 5.2.

4.3 Effect of Different Calibration Data Sets

As ELPD is a likelihood-based score, it is sensitive to both data set size and mea-
surement error. Recall that this is evident from the normalizing factor in equation (2)
that cannot be canceled out when comparing models with different data sets. This can
be seen in more detail in equation (31) in Appendix A, where the equation for ELPD
is decomposed to mathematically see the effect of the normalizing factor. Therefore, ELPD
is subject to similar issues as BME, and should only be used to compare models with

the same data set.

In contrast to BME and ELPD, RE and IE scores compare models based on the
prior and/or posterior parameter distributions and not directly on model fit: RE quan-
tifies the gain in information from prior to posterior and IE the uncertainty associated
to the posterior parameter distribution. Therefore, RE and IE do not depend directly
on the likelihood function, and thus are not affected by models with different data set
size. This can be seen mathematically in equation (32) in Appendix A. When estimat-
ing RE, the normalizing factor from the likelihood function, present in both In(BME)
and ELPD, is cancelled out. Consequently RE, and by definition IE, depend solely on
the exponential term of the likelihood function in the prior and posterior parameter spaces,
which is a direct measure of model predictive quality. Due to this, RE and IE are more

suitable scores to compare models with different data sets, compared to BME or ELPD.

4.4 Extension of Bayesian Model Selection and Model Similarity Anal-

ysis

Based on the additional Bayesian information-theoretic scores presented above, we
now update the BMS and BMJ analysis to include said scores. This allows to compare
and rank models not only from a prior BME perspective, but also from the perspectives
of posterior and information gain. In the case of BMS, calculating ELPD, RE and IE

does not require additional computationally-expensive calculations, given that they are
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a direct result of calculating BME (using a Monte Carlo approach, which is the most com-
putationally demanding step) and the rejection sampling processes, intrinsic to the Bayesian

framework.

In the case of BMJ analysis, the goal of this paper is not necessarily to justify a
model’s flexibility (as in the original paper by Schoniger, Illman, et al. (2015)), but to
simply compare the models from different perspectives. Therefore, we will refer to it as
a model similarity analysis once the information scores are included in the analysis. We
propose to construct the MCM for each score, in a similar way as for the BME-weights
in BMJ (Section 2.3). Hence, additional to BME, we evaluate all information-theoretic
scores for each model Mj,, given each realization M; of the data-generating model M;.
To estimate the entries in the MCM, we average each score for all realizations My | M,

(entries along the green cells in Figure 1) as detailed by the following equations:

Na
S 1
ELPDy; = > ELPDy,, (24)
=1
Na
— 1
RE; = o Z (= In[BME}y,] + ELPDy;), (25)
=1
1
IE;,; = o > (~REy, — CEy). (26)

=1

The results will comprise of four different MCMs, one for each BMS score. We ad-
ditionally propose to represent BME in the natural logarithmic scale (In(BME)), so the
results are also in terms of entropy and comparable to all other scores. Nevertheless, its
interpretation is the same with or without the log-scale. Therefore, the In(BME) con-

fusion matrix entries are calculated as follows:

Ng

— 1

WBME],; = - > W[BME,], (27)
=1

In contrast to Schoniger, Illman, et al. (2015), we do not calculate Bayesian model
weights, since these can only be obtained from BME. Therefore, we propose to gener-
ate a normalized MCM, where each score for M}, given M;; is divided, or normalized,
by the diagonal value (k = j for each realization /). Consequently, the diagonals in the

final MCM will always be equal to 1 and the off-diagonals will indicate how much model
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M, differs, on average, from the self-identification score. The closer the normalized value
is to 1, the more similar the model Mj, is to the data-generating model M}, given the
current state of knowledge. This normalization must be done for each realization M;

individually and then averaged over all values for A; (green row in Figure 1).

4.5 Interpretation of MCMs

Based on the description of the different scores, the MCMs for In(BME) and ELPD
can be considered as likelihood-based comparisons. The off-diagonal entries can be in-
terpreted as how well model M}, can reproduce the results from M;, or how much M;
confuses its results, in the prior (In(BME)) and posterior states (ELPD). Just like in BMS,

we cannot include models with different data sets in the MCMs for BME and ELPD.

The MCM for RE represents how much each model M, can learn from observa-
tions generated by model M;. Given that the MCM is built by first evaluating the scores
for one realization of M;; at a time and then average, we do not expect the RE values
in the diagonal to tend to zero (when the data-generating model is compared against it-
self). Based on this, two models can be considered similar, from an RE perspective, if
they undergo similar information gains (similar updatability), which would result in off-

diagonal normalized values close to 1.

IE confusion matrices represent a posterior-based comparison, quantifying the re-
maining uncertainty in the posterior of My after updating prior beliefs with data from
M;. As per the definition of IE in equation (22), model similarity based on this perspec-
tive depends on a balance between similarities in the prior distribution and updatabil-
ity based on the data generated by model M;. Therefore, its interpretation is directly

linked to both terms.

5 Illustrative Application to Groundwater Flow and Transport Mod-
els

5.1 Numerical Implementation

In this section, we apply the extended BMS and model similarity analysis to the
groundwater problem presented in Section 3. We calculate the BME, ELPD, RE and IE
scores using equations (5), (17), (19) and (23). For this, we sample 1210 Monte Carlo

realizations from each of the five competing models. For BMS (Section 5.2) we use a sin-
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gle synthetic data set from the geostatistical model to generate the synthetic observa-
tions, as described in Section 3.2. For implementing the model similarity analysis (Sec-
tion 5.3,) equations (27), (24), (25) and (26) are used to populate the MCMs for In(BME),
ELPD, RE and IE. Here, Ny = 1000 Monte Carlo realizations of each possible data-
generating model M; are sampled and then compared to the Nyc = 12105 Monte Carlo
realizations from each competing model My. The noise added to the data-generating mod-

els is based on the measurement error variances presented in Section 3.

We will show, through this application, how to interpret the information-theoretic
scores alongside BME. Additionally, recall that we use one model with a different cal-
ibration data set (5-zoned flow model). There, we show when the likelihood-based scores
(BME and ELPD) can no longer be applied and one must switch to a solely RE and IE-

based comparison.

5.2 Bayesian Model Selection

The Bayesian and information-theoretic scores for BMS analysis can be seen in Fig-
ure 5, comparing all models to a random realization of the geostatistical model. We use
these results for three different analyses on the behavior of the different scores: 1) com-
paring the four flow-transport models, using all four scores 2) comparing the five com-
peting models, including the one with a different data set, based on RE and IE and 3)
comparing between the two 5-zoned models. Since BME and ELPD are powerless to com-
pare models with different data sets, these scores for the flow model are shown in a lighter

hue in Figures 5a and 5b.

5.2.1 BME-based Selection: Maximization of Data Probability

According to BME, the model with the highest value presents the best compromise
between model fit and model flexibility, and would therefore be selected. The results in
Figure 5a show that the 5-zoned model obtains a significantly higher value among the
four transport models. The homogeneous model, although it has the lowest prior flex-
ibility, receives the overall smallest BME value, indicating an overall bad model fit. There-
fore, it would be discarded in a BME-based analysis. The geostatistical model is pun-
ished due to a more flexible prior, and thus receives a smaller BME than the 5-zoned model.

These results are in line with traditional BME analysis, where the less flexible models
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Figure 5. Bayesian and information-theoretic scores for each competing groundwater model
in the BMS setup. a) In(BME), b) expected log-predictive density, ¢) relative entropy, d) infor-
mation entropy. The bars with the lighter hues in a) and b) indicate that the corresponding flow
model cannot be compared to all other models in the set using In(BME) and ELPD, respectively,

given that the model uses a smaller data set.

are rewarded with a higher score, if they present a good overall model fit. However, as
has been pointed out in Section 2, BME does not use the posterior. Consequently, the
analysis in Figure 5a can be considered incomplete from a fully Bayesian standpoint, as

it considers only fractional information from the entire Bayesian inference.

5.2.2 ELPD-based Selection: Maximization of Posterior Likelihood

In contrast to BME, the model with the highest ELPD is considered as having the
best posterior and would therefore win against models with a lower score. For example,
from Figure 5b one would determine that any of the other transport models would be
chosen over the homogeneous transport model, given the latter’s significantly smaller ELPD
(worst overall model fit). The three favored models (i.e. the 5-zoned, 9-zoned and the

geostatistical transport model) present similar ELPD scores of 11.46, 11.09 and 10.65,
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respectively. This means that they have similar posterior predictive capabilities. In other
words, all three models have posterior parameter distributions that can similarly pre-
dict the observed values. This goes to show how ELPD is less dependent on prior choice
when compared to BME. The 5-zoned model, however, still presents the slightly higher
ELPD among all four competing models, and would therefore be selected from a pos-

terior perspective.

In this case, the ELPD score serves to support the BME-based decision in favor
of the 5-zoned transport model, given that it received the highest BME and the slightly
higher ELPD. If, on the other hand, the more flexible geostatistical model had received
a significantly higher ELPD, one might want to weigh the additional computational cost
associated to Bayesian updating for a more high-dimensional parameter space against
a better posterior fit, especially when acknowledging that one will as of now work with
posterior models anyways. This proves how ELPD can be used to complement BME by
considering a posterior model fit in the decision process, reducing the influence of a po-
tentially uninformative prior choice. However, similar to BME values, the ELPD con-
siders only partial information from a Bayesian inference perspective. Namely, ELPD
omits the information gain from prior likelihood and, hence, the analysis in Figure 5b

can still be considered as incomplete.

Even though we have mentioned that models with different data sets should not
be compared to each other using BME and ELPD, mathematically it can be done to ob-
serve the direct effect of different data sets on said scores. Therefore, if we compare the
BME and ELPD values for the two 5-zoned models (with and without transport), we
can observe that the transport model, with a larger data set, presents higher scores than
the flow model. This can be explained by the relatively small measurement error asso-
ciated to the additional concentration data: overall, it is harder for the transport model
to reproduce a larger data set. Nevertheless, in this case, the likelihood function rewards
the (few) realizations that are able to reproduce all 10 observations within the error thresh-
old with a significantly higher likelihood, increasing the expected BME and ELPD val-
ues. This indicates how the measurement error and the size of data set can play an im-
portant role when calculating BME and ELPD, deeming them biased when comparing

models with different calibration data sets.
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5.2.3 RE-based Selection: Maximization of Relative Information Gain

As opposed to the BME and ELPD-based approaches, RE allows to compare all
models, regardless of the data set used by each model. The model with the largest RE
represents the one who found the data most useful, meaning it reduced its uncertainty
the most by moving from the prior to the posterior. For example, when comparing the
two 5-zoned models in Figure 5¢, which present different data sets, the transport model
obtained a higher RE than the flow-only model. This means that the 5-zoned transport
model was able to learn more from the 10 data points than the flow model from only 5
observations. Here, the differences in the RE scores are not due to model flexibility, since
they both start from the same prior, but due to the availability and informativeness of
additional observations available to the transport model. Based on this, one would lean
towards the transport model over the flow model, since it allows a greater information

gain from prior to posterior while also using the entire available data set.

Looking at the overall RE-based analysis in Figure 5c, we notice that the geosta-
tistical model presents the highest RE. This indicates that it gained the most informa-
tion from the data when updating the prior to posterior, as measured by in RE through
the difference of In(BME) and ELPD (see equation (19)). This goes to show how RE and
BME do tend to be inversely related, given that the geostatistical model also obtained
the smallest BME out of the top three transport models. We demonstrate that RE tends
to favor the models independent from their complexity, but rather when the measure-
ment data prove most useful to it. In some situations, the ability of a model to learn from
the measurement data could coincide with model flexibility, but the latter should not
be seen as a necessary nor sufficient condition. In the current case, the setup was built
such that the geostatistical model was able to gain the most information, given that it
generated the data. The fact that the 9-zoned model obtained a higher RE and a smaller

BME value than the 5-zoned transport model further supports this claim.

Additionally, a small RE does not necessarily indicate a bad fit to the measurement
data, but can also be caused by an initially good prior fit. This can be seen for the 5-
zoned transport model. The smaller RE associated to it can be explained due to an over-
all good prior fit to the data (small difference between In(BME) and ELPD). In other
words, it had little to learn from the data given that the prior parameter distribution

encompassed the true posterior quite well. This can be seen as a limitation when com-
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paring models solely on RE, given that it tends to punish models with a good prior fit
with a smaller score. On the other hand, Figure 5¢ shows that the homogeneous model
obtains a RE value close to 0, which can also be attributed to BME and ELPD present-
ing similar values. In this case, however, the BME and ELPD scores do present the small-
est values and thus the RE score can be interpreted as the homogeneous model not be-
ing able to learn from the data due to an overall bad model fit. Therefore, we would like
to emphasize to the reader that BME, ELPD and RE can be used to complement each
other (when possible) and allow to rank and select among models based on different per-

spectives or goals set by the modeler.

5.2.4 IE-based Selection: Minimization of Posterior Uncertainty

As with RE, IE can also overcome the limitations of BME and ELPD when encoun-
tering models with different data sets. Recalling from Section 4.2, IE is the posterior un-
certainty associated to the posterior state, and one would therefore select a model with
the smallest IE associated to it. However, IE depends on the interaction between RE and
CE. Thus, it is important to consider both the effect of the informativeness of the data
through RE and the effect of the prior distribution through CE. When analyzing the IE
results in Figure 5d, we can observe how the geostatistical model presents a significantly
smaller TE score than the other four competing models. This would incline us to choose
the geostatistical model, given that it would provide the most certain posterior distri-
bution. Nevertheless, if we analyze IE together with RE, we can see that the difference
between the RE values (Figure 5c¢) is not as significant as that between IE values. We
can therefore conclude from equation (23) that the large difference in IE is due to the
prior uncertainty through the CE, and not necessarily to a greater gain in information
from the data. This goes to show the large influence that the prior parameter distribu-
tion has on the posterior uncertainty of a model, and how it can overshadow the effect

of the data and the overall model fit represented by RE.

Furthermore, the reason for the significantly smaller CE of the geostatistical model
can be attributed to the curse of dimensionality (Altman & Krzywinski, 2018) (given the
2500 uncertain parameters associated to this model) and the high correlation between
parameters. Due to these factors, the space where all parameters are within the allowed
prior variance is very small, causing each parameter set to have a high probability den-

sity associated to it, which translates to a small entropy. It is worth mentioning that,
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if the correlation between the parameters were to substantially decrease, the entropy would

increase, given that entropy is maximized for increasingly independent parameters.

The opposite happens when the parameters are independent, as in the case of the
homogeneous and the zoned models: the probability density associated to each realiza-
tion decreases with a higher parameter dimension (given parameter independence), and
thus the entropy increases. If we omit the geostatistical model for visualization purposes,
as displayed in Figure 6, the homogeneous model presents the smallest IE within the re-
maining subset. Here, IE indicates that the homogeneous model has a lower posterior
parameter uncertainty than the 5 and 9-zoned models. This, however, can be attributed
to the prior distribution, more specifically to the number of uncertain parameters, and
not to the overall Bayesian updating process. This is supported by the the small BME,
ELPD and RE scores associated with the homogeneous model. Additionally, the 9-zoned
model got the highest IE score among this subset of models, in spite of it presenting the
largest RE among them. It is clear, then, that the IE depends on both the prior param-
eter uncertainty and how useful the data is in eliminating the uncertainty specified by
this prior. However, the dependence of CE on the number of parameters generates bi-
ased results when comparing models with different parameter dimension and should there-

fore be avoided in such cases.

If we compare both 5-zoned models, which have the same prior assumptions and
different data set sizes, we can observe the effect that the data, through RE, has on IE
directly. In this case, the transport model presents the smaller IE of the two, since it learned
more from the observation data (higher RE). This resulted in a greater reduction in the
(initially identical) prior uncertainty (CE). This complements the conclusions reached
using the RE score between these two models, but from a posterior parameter uncertainty

perspective.

5.3 Bayesian Model Similarity Analysis
5.3.1 BMEFE and ELPD: Likelithood-based Comparison

To analyze the similarities, or differences, between the transport models in their
prior states, one could limit oneself to the original BMJ analysis based on BME-weights,
which is presented in Figure 7. Here we can see that the 3rd row (where all transport

models M; are compared to the flow-only model) has to be left empty, since the flow model
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Figure 6. Information entropy scores for all competing groundwater models within the BMS

setup, excluding the geostatistical model

has a smaller data set. Additionally, the third column, where the flow model generated
the data, is also empty. The reason is that, even though these values can be calculated,

they cannot be used for comparison against all other BME weights.

From the results in Figure 7 we can observe that both the homogeneous and the
geostatistical model receive high diagonal values, indicating their capacity to identify their
own results. They also have the smallest off-diagonal values, meaning they do not tend
to confuse their results. From this, one can conclude that these two models are the most
different from each other and from the two zoned models. On the other hand, the 5-zoned
and the 9-zoned models obtain model weights smaller than 50% on the diagonal, as well
as similar off-diagonal values when the respective other is the data generating model. This
suggests that these models have the highest likelihood of confusing their results, and thus

are the most similar from a prior perspective.

The extended model similarity analysis to determine model similarities, as detailed
in Section 4.4, are shown in Figure 8. We focus on the off-diagonal values, namely how
much they deviate from the behavior of the data generating model (diagonals). The re-
sults are presented as normalized MCMs based on all four scores, including the In(BME)
values. Similar to the BME weights, the MCM based on In(BME) (8a) and ELPD (8b)

show empty rows and columns where the 5-zoned flow model is compared to the trans-
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Figure 7. Model confusion matrix based on BME weights. Columns correspond to data-

generating models M; and rows to competing models Mj,.

port models. The non-normalized version of the MCMs can be seen in Figure 9 in Ap-

pendix B.

As with the BME-weight-based MCM, the In(BME)-based MCM in Figure 8a com-
pares model outputs from a prior predictive space perspective. Therefore, one can see
similar trends in both results: the homogeneous and the geostatistical model receive the
smallest off-diagonal entries when they generate the data, confirming them as the two
most different ones. Additionally, the 5 and 9-zoned models obtain the most similar off-
diagonal values (closer to 1) when the respective other generates the data. This can be
interpreted as them presenting similar prior predictive capabilities. One must keep in
mind, though, that rescaling values to a log-scale compresses the differences given in a
linear scale at large values, and thus the level of similarity based on BME appears dif-
ferent compared to In(BME). Nevertheless, the trend is maintained and one can reach

similar conclusions in terms of model selection and similarity.

In contrast to In(BME), the ELPD-based MCM in Figure 8b compared models from
a posterior predictive capabilities perspective. This means, how likely model M}’s pos-

terior distribution is of reproducing outputs generated by M;. The results in Figure 8b
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Figure 8. Normalized model confusion matrices for a) In(BME), b) ELPD, ¢) RE and d)
IE for the Bayesian model similarity analysis. The off-diagonal values are normalized based on
the diagonal values. The empty cells in a) and b) correspond to the cases where the flow model
is compared against a flow-and-transport model (comparison between models with data sets of

different sizes) and thus the MCM entries cannot be used within the similarity analysis.

show that for all models, except the homogeneous model, the off-diagonal values are closer
to 1 than for the prior-based In(BME) results. This indicates that the models appear
more similar in the posterior predictive state than they do in the prior. Here, model flex-
ibility, which is visible in the In(BME) results, has a smaller effect. For example, the dif-
ferences between the 5 and 9-zoned models seems to has been reduced, given that the
off-diagonal values are closer to 1 when the respective other is generating the data. For
the geostatistical model, the normalized values along row 5 in Figure 8b are close to one.
This, however, does not indicate a larger similarity between the models, given that the
same cannot be observed along the last column, when the geostatistical model generates
the data. Therefore, it is important to consider both sides of the diagonal to be able to

determine similarities between models based on these scores.
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5.3.2 RE: Combined Prior and Posterior Comparison

To compare all five models, including the flow model, one can refer to the RE-based
MCM in Figure 8c. These results allow to compare the models based on a combined prior
and posterior perspective, given that it evaluates the updatability of the prior based on
the data generated by M;. Observe that the normalized RE values are far from one along
the first row, independent of M;. They indicate the inability of the homogeneous model
to reproduce all other models, in either the prior, posterior or both. This alludes to large
differences in the way the homogeneous model learns from the others. Therefore, if one
only had the RE confusion matrix to compare with, one would reach the same conclu-

sion as before: that the homogeneous model is very different from the other models.

When comparing the two 5-zoned models to each other, we can observe that they
do not receive the same score when the transport model generates the data. This can
be justified by the transport model being able to learn more from 10 reproducible ob-
servations than from only five. This also explains why the 9-zoned model presents a nor-
malized value closer to 1 when compared to the 5-zoned transport model, than does the
5-zoned flow model. Both the 5 and 9-zoned transport models have similar missing in-

formation, which can be supplied by the five additional observations.

On the other hand, the geostatistical model presents the off-diagonal normalized
RE scores farthest from 1 (after the homogeneous model), when compared to all other
models. This, again, alludes to its differences in flexibility and ability to learn from data
(which is greater than that of the other, simpler models). Out of all the models, the 9-
zoned model can be deemed the most similar to the geostatistical, given that the former
obtains the normalized value closest to 1 when the latter generates the data and vice-
versa. This explains why it also obtains the second largest RE in the BMS analysis, given

that it learns from the data in a similar way as the geostatistical model.

5.3.3 IE: Posterior-based Comparison

The IE-based MCM is shown in Figure 8d. Recall that the results represent the
remaining uncertainty in the posterior parameter distribution. Figure 9d in Appendix
B shows that there is little to no variability in the score for each model, independent of
which model is generating the data. As with BMS, IE induces bias when comparing mod-

els with different parameter dimensions. Therefore, when comparing models with dif-
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ferent number of uncertain parameters, the IE MCM compares models based solely on

the uncertainty induced by the prior parameter distribution.

The two 5-zoned models in Figure 8d present little differences between their IE scores.
Both models count with the same prior uncertainty (CE), and therefore the results pro-
vide information on the effect of RE. The slightly greater off-diagonal value (1.1) when
the transport model generates the data is, in this case, due to the greater RE value as-
signed to the transport model. This means that there are small differences between their
posterior parameter uncertainty. The results support the previous statement that IE should
be compared alongside the other scores, especially RE in case of comparing models with

different data sets, and when the parameter dimension between the models is equivalent.

To sum up, through the application to our groundwater models, we addressed is-
sues related to the BME-based approaches for BMS and BMJ. We suggest to comple-
ment these frameworks with additional information-theoretic scores to provide a richer
picture within the Bayesian framework. We show how these scores can be interpreted
in addition to BME. Also, they come at little to no additional computing cost, given that
the most computationally demanding step involves the multiple (Nys¢) model evalua-
tions. We also show the limitations of likelihood-based scores through the inclusion of
a competing model with a different data set, as well as how RE and IE can help in over-
coming this, at the cost of limiting the comparison to an updating (combined prior and

posterior) and posterior uncertainty perspective.

6 Summary and Conclusions

In this study we present how information-theoretic scores, namely expected log pre-
dictive density (ELPD), relative entropy (RE) and information entropy (IE), can be used
to complement the Bayesian model evidence (BME) for model selection and model jus-
tifiably analysis. Employing the connection between Bayesian inference and information
theory, we demonstrate how ELPD, RE and IE allow to gain additional insight with re-
gards to 1) posterior model fit (ELPD), 2) information gain in the Bayesian updating

(RE) and 3) remaining posterior parameter uncertainty (IE).

We test the proposed methodology on a controlled setup made up of five 2D-groundwater

models. These five models each consider a different spatial hydraulic conductivity dis-

tribution, which results in different model flexibility. Additionally, we consider both trans-
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port and flow models to test the comparison of models with different data sets. For the
BMS analysis, the models were compared against a random realization of one of the com-
peting models, with the goal of knowing beforehand the true parameter set and measure-
ment data. For the model similarity analysis, the models were compared against the re-

sults from each other.

Arguing based on the mathematical definitions, we show how both BME and ELPD
are not suited to compare models with different data sets, neither for BMS nor model
similarity analysis. This is due to the bias injected by the normalization factor in the
likelihood function, which in this case was considered as a multivariate Gaussian distri-
bution. On the other hand, RE and IE overcome these limitations. One can see this in
their definition as information scores for parameter (not data) distributions. When com-
posing them from other ingredients of Bayesian updating we can see that the normal-
ization factor cancels out. Thus they provide a way to compare and select among mod-

els in this situation.

In the case of RE, its use with different data sets comes at the cost of solely rank-
ing and comparing among models based on how useful the data was to them, i.e. how
much the parameter uncertainty was reduced through Bayesian updating. As the results
show, this can sometimes lead to different decisions than with BME-based model selec-
tion. For example, RE can also punish models with an already good prior fit, when not

much Bayesian updating is necessary.

IE quantifies the posterior parameter uncertainty after applying Bayesian updat-
ing. The results show, however, that IE is strongly influenced by the models’ prior dis-
tribution, to the extent where priors can have a much larger impact than the model fit
to the data. This can lead to biased results if used on its own to compare models, given
that it can eliminate models with a high RE but very uncertain/uninformative prior, or
overestimate the appropriateness of a model due to a very simple prior. Therefore, in-

formation entropy is useful to complement RE scores, but not as a measure on its own.

Based on the results, we recommend to complement the traditional BME-based anal-
ysis with information-theoretic scores for model selection and comparison purposes. The
results show how ELPD, RE and IE provide additional information regarding the com-
plete updating process involved in the Bayesian framework, and come at no significant

additional computational cost. This additional information can be used by the modeler
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to make a better-informed decision based on different perspectives, considering the model

setup and the overall modelling goals.

Appendix A: Proofs of the Effect of Data Sets

To mathematically show the effect that the calibration data set properties, namely
data set size and measurement error distribution, have on the different scores, we expand
the different terms in equation (19) for RE. Here, we use NF to group the normaliza-

tion factor in the likelihood function (equation (2)), such that:

NF = (2r) 2" |R|7V/2. (28)

Additionally, the difference between the observed and modeled data is shown in its

vectorial form:

(Yr —¥,) =0. (29)

Equation (30) shows the simplification of the In(BME) term based on equation (4):

—In(BME) I (IEW-OT [NF . exp (—0.5 : [éT : R*lé} )D
= —1(Eprior[NF]) —In (E,,W [exp (—0.5. [5T : R—lam)

~I(NF)—In (Ep,.io,. {exp (—0.5 : {57“ : R*lé} )D (30)

and equation (31) shows the simplification of ELPD from equation (16) into its basic com-

ponents:

ELPD = Epou|ln (NF-exp (~0.5-[67 - R7'9]))]
Epost[In (NF)] + Epost [ln (exp (—0.5 . [5T . R—lé} ))}

In (NF) + Epost ((70.5 : [5T : R*la] )) (31)

As can be seen in equations (30) and (31), both scores depend on the natural logarithm
of the normalization factor (cannot be disregarded), which has a high dependence on the

number of data points and measurement error variance.

By combining the final simplified formulations in Equations (30) and (31), one can

rewrite the equation for relative entropy, based on equation (19), as follows:

—39—



923

924

925

926

927

929

930

933

934

936

937

939

940

941

942

943

944

RE

(- In(NF) — In (EWOT [exp (—0.5 : [aT : R‘lé} )} ))

n <ln (NF) +Epost[(—o.5- [6T -R‘%SDD

~In(NF) — In (Eprior [exp (<05 [67-R7'6] )] ) + In(NF)
+ Epou | (<05 [67 - R715] )]

= 10 (Bprior [exp (<05 [67 R70])]) + Bpout [ (0.5 [67 - R716] )] -(32)

In equation (32) the dependence on the normalization factor NF' from both BME
and ELPD is canceled out, since it is constant for each model Mg . Consequently, RE

depends solely on the exponential term of the likelihood function.

Appendix B: Bayesian Model Similarity Analysis Results

Figure 9 shows the resulting model confusion matrices for the averaged In(BME)
(a), ELPD (b), RE (c) and IE (d) within the Bayesian model similarity analysis. We can
observe the same tendencies in Figure Figure 9 as with the normalized MCM in Figure
8. The latter, however, allows for a more clear interpretation, and focuses on the off-diagonal

values, which is why we prefer it to represent model similarities.

Data Availability Statement

The Python implementation of the Bayesian and information-theoretic model se-
lection and similarity analysis can be accessed from the GitHub repository https://github
.com/MariaFMoralesOreamuno/Bayesian Information theoretic model _selection
.git (Morales Oreamuno, 2021). The files that serve as input for the aforementioned
software can be found in https://doi.org/10.5281/zenodo.7086127 (Morales Ore-

amuno, 2022).
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