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Abstract

The paper focuses on spatial orientations of hydraulically conductive shear fractures existing in naturally fractured fluid sat-
urated rocks. Hydraulic conductivity of such fractures is considered from the current stress state of these rocks. The concept
of critically stressed fractures is generally used to establish such relationship. The paper presents an analytical solution to the
problem of obtaining all possible spatial orientations of critically stressed fractures for an arbitrary stress tensor. The proposed
solution is explicit, providing an opportunity to predict the spatial orientations of hydraulically conductive fractures based on
results of any sort of solutions to geomechanical problems considering naturally fractured rocks. The obtained results may be
directly used for planning the development of oil fields, characterized by considerable contribution of fractures to permeability
in cases when geomechanical modeling takes place. Several examples of applying the obtained solution in practice are pre-
sented in the paper: critically stressed fractures spatial orientations are considered for cases of gradual changes in stress tensor

components under specific conditions providing an understanding of the main tendencies in these spatial orientations.



[EEN

w

o ~N o (S BN

10
11

12
13

Journal of Geophysical Research: Solid Earth

Spatial Orientations of Hydraulically Conductive Shear Natural Fractures for an
Arbitrary Stress State: an Analytical Study

N. V. Dubinya'?

! Moscow Institute of Physics and Technology, Russia, Dolgoprudny, Institutskiy per., 9,
141701.

2 Schmidt Institute of Physics of the Earth of the Russian Academy of Sciences, Russia,
Moscow, B. Gruzinskaya str., 10-1, 123242.

Corresponding author: Nikita Dubinya (Dubinya.NV@gmail.com)

Key Points:
e Hydraulic conductivity of natural fractures is related to current stress state
e Orientations of conductive fractures are obtained for an arbitrary stress tensor

e Various stress regimes are related to different patterns of conductive fractures.
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Abstract

The paper focuses on spatial orientations of hydraulically conductive shear fractures existing in
naturally fractured fluid saturated rocks. Hydraulic conductivity of such fractures is considered
from the current stress state of these rocks. The concept of critically stressed fractures is
generally used to establish such relationship. The paper presents an analytical solution to the
problem of obtaining all possible spatial orientations of critically stressed fractures for an
arbitrary stress tensor. The proposed solution is explicit, providing an opportunity to predict the
spatial orientations of hydraulically conductive fractures based on results of any sort of solutions
to geomechanical problems considering naturally fractured rocks. The obtained results may be
directly used for planning the development of oil fields, characterized by considerable
contribution of fractures to permeability in cases when geomechanical modeling takes place.
Several examples of applying the obtained solution in practice are presented in the paper:
critically stressed fractures spatial orientations are considered for cases of gradual changes in
stress tensor components under specific conditions providing an understanding of the main

tendencies in these spatial orientations.
Plain Language Summary

Nowadays naturally fractured reservoirs are being developed in order to maintain and increase
the level of oil production. Natural fractures tend to provide the best paths for oil to flow, yet it is
a complicated problem to predict which fractures will provide such paths and which will not. It
appears that many factors influence these fractures including so-called geomechanical factors —
stresses and pressures acting at reservoir depth. While modern approaches make it possible to
predict the stress state of reservoirs, but relationship between stresses and oil filtration paths
remains a problem. The paper presents an analytical solution for spatial orientations of
hydraulically conductive natural fractures in an arbitrary stress state. This solution can find its
applications in a variety of areas in petroleum engineering including forecast of fractured zones
in reservoir, estimation of stress state of the upper layers of the Earth’s crust based on well

logging data, hydrocarbon migration and others.
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1 Introduction

The study is devoted to the problem of developing hydrocarbon reservoirs characterized
by considerable contribution of natural fractures existing in fluid-saturated rock masses to their
hydraulic properties. The main question of the paper is: how is it possible to use the existing
approaches to reservoir behavior modeling in order to understand which reservoir zones are
perspective for development due to existence of majority of natural hydraulically conductive
fractures, and what are the preferable spatial orientations of these fractures? The latter point is
extremely important for naturally fractured reservoir development as hydraulically conductive
fractures provide filtration paths for fluid.

In the current study the stated question is answered from the point of view of
geomechanical modeling. The approaches to three- and four-dimensional modeling of
geomechanical processes taking place in the reservoirs (including fractured rocks) are now well-
developed in the industry; there are algorithms for modeling the stress-strain state of a reservoir
on different stages of development (Kolditz et al., 2016; Zhu et al., 2016).

There are a number of studies devoted to using the results of geomechanical modeling for
analyzing the hydrodynamic properties of fractured rocks based on the concept of critically
stressed fractures. This concept was proposed by Barton et al. (1995). According to the definition
given in this paper, a fracture is considered to be critically stressed if shear stress acting on its
surface is large enough for a slip to occur alongside the fracture’s surface whenever differential
stress is slightly increased. In order to determine whether a given fracture is critically stressed or
not, one has to know the friction coefficient of the rock alongside with shear and normal stresses
acting on its surface. These stresses, in turn, may be calculated if spatial orientation of the
fracture and all components of the stress tensor in its vicinity are known. Barton et al. (1995)
proved that critically stressed fractures are closely related to hydraulically conductive fractures
by studying a well characterized by a high quality of well logs and existence of a reliable
estimation of stress profiles. Classification of critically stressed and non-critically stressed
fractures has been carried out revealing that the majority of critically stressed fractures tend to be
hydraulically conductive as well. Hydraulic conductivity of particular fractures was estimated
based on special well logs data. As a result, the following hypothesis was formulated: fractures

which are critically stressed under current stress state tend to be hydraulically conductive and
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non-critically stressed fractures tend to be non-hydraulically conductive. This hypothesis was
later proved to be valid for different hydrocarbon reservoirs (Hickman et al., 1997; Townend &
Zoback, 2000; Ito & Zoback, 2000; Rogers, 2003; Ligtenberg, 2005; Mattila & Follin, 2019) and
geothermal fields (Davatzes & Hickman, 2010; Davidson et al., 2012; Massiot et al., 2017).

This hypothesis was used as a basis for an algorithm of optimizing the well production.
One-dimensional geomechanical models are constructed on the basis of well logs data. These
models include stress profiles along the well trajectory, which are subsequently used to predict
zones containing critically stressed and, accordingly, hydraulically conductive fractures (Schwab
et al., 2017; Bayuk et al., 2019; Chan et al., 2019). It should be mentioned that the results of
detailed studies carried out in some regions (Fisher et al., 2003; Sathar et al., 2012; Bisdom et al.,
2016) prove that the hypothesis of a relationship between critically stressed and hydraulically
conductive fractures is not reliable in some cases. It is caused by geological factors, complex
history of stress-strain state evolution in the region, and nonlinear rheological effects not taken

into account in critically stressed fractures concept.

The concept of critically stressed fractures is also used for solving the inverse problem of
stress estimation based on geophysical data for solving the important problems of wellbore
stability (Ito et al., 2002; Dubinya & Ezhov, 2017; Dubinya, 2019). In this case the inverse
problem is formulated as follows: one needs to reconstruct the stress profiles along the trajectory
of a certain well based on the given information on which natural shear fractures in its vicinity
are critically stressed, and which ones are not. The following algorithm is generally used in these
studies mainly devoted to reconstruct stress profiles along the well trajectory. On the first step
data obtained from special well logging techniques are used for determination of spatial
orientations of all natural shear fractures observed in the well vicinity (Silva et al., 2003). Then
estimations of some properties of well surrounding rock mass (temperature profiles (Ito et al.,
2002), resistivity and acoustic properties distributions (Dubinya & Ezhov, 2017), or elastic
moduli profiles (Dubinya, 2019)) are used to classify fractures as critically stressed or non-
critically stressed. Finally, the profiles of principal stresses are adjusted in a way to obtain the
best match between critically stressed fractures classification based on well logs, and the same

classification based on stress profiles.
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To sum up, critically stressed fractures concept is generally used in different areas of
hydrocarbon reservoir geomechanics in cases of naturally fractured rock. The strong relationship
between critically stressed and hydraulically conductive fractures increases the value of

geomechanical modeling results as they give certain assumptions on fluid filtration.

The current paper presents a mathematical algorithm for direct calculation of all the
possible spatial orientations of critically stressed fractures for an arbitrary given stress tensor. As
far as an arbitrary stress tensor is considered, the hypothesis of one principal axis of stress tensor
being subvertical, which is often used in problems of reservoir geomechanics (Zoback, 2007),
may be avoided. It broadens the opportunities of critically stressed fractures analysis for solving
the problems of fractured reservoirs development. The solution can find its applications in a
variety of areas in petroleum engineering including forecast of fractured zones in reservoir,
estimation of stress state of the upper layers of the Earth’s crust based on well logging data,

hydrocarbon migration and others.

2 Theory

According to initial definition given by Barton et al. (1995) a fracture is referred to as
critically stressed, if normal and shear stresses acting on its surface satisfy the raw friction
criterion:

Tn = WOn. 1)

Here 1, is shear stress acting on the fracture plane; o, is normal stress acting on the
fracture plane;  is friction coefficient of the rock mass. The value of friction coefficient p is
often defined as 0.6 following the well-known experiments (Byerlee, 1978) yet it is necessary to
carry out special experiments to precisely estimate it for the specific rock. This coefficient is not
specified for the analytical solution of the critically stressed fractures spatial orientations

problem. In the most sections of this paper p will be 0.6 as well.

Let’s consider a volume of rock mass containing a number of microcracks. This ¢ volume
is characterized by an arbitrary stress tensor ojj with its principal components denoted as 61, 2,
and o3. The following notation is used hereafter: compression is regarded as positive and 61 > 62
> o3. As fluid-saturated rock masses are studied in the paper, all the stresses will be considered as

effective in terms of theory of poroelasticity (Biot, 1955; Coussy, 2004). All fractures and
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microcracks will be considered as planes and their spatial orientations will be described using the

vectors normal to these planes or normal vectors.

In this paper critically stressed fractures will be often analyzed with the usage of Mohr’s
diagram (Fig. 1) where axes represent the magnitudes of normal and shear stresses acting on any
plane. The given values of principal stresses o1, 62, and o3 make it possible to construct Mohr’s
circle shown as a solid black line in Fig. 1. It can be shown that a dot representing any fracture
existing in the given stress state (with fixed principal stresses) is to stay inside the area bordered
by Mohr’s circle.

S\

O3 o, G, ©

n
Figure 1. Schematic representation of critically stressed fractures at Mohr’s diagram.

Raw friction law (1) is represented by solid green line in Fig. 1. Respectively, dots,
representing all the fractures with criterion (1) being satisfied, are to be above the green line. As
a result, dots representing critically stressed fractures are to stay inside a limited domain shown

in blue in Fig. 1.

In order to calculate normal and shear stresses acting on a plane with a given spatial
orientation one has to know the full stress tensor acting in the elementary volume containing this

plane. Normal and shear stresses may be calculated as:

Gn:(52+|2(Gl—62)+n2(63—62), 2)

‘Enz :(%J +|2(51_62)(51_53)_[Gn _%j ’ (3)

where | is the cosine of an angle between normal vector to a considered plane and

direction of maximum principal stress o1; n IS the cosine of an angle between normal vector to a
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considered plane and direction of minimum principal stress 1. | and n will be referred to as
direction cosines of a normal vector to a fracture’s plane or simply direction cosines hereafter.
The pair of normal and shear stresses provide coordinates to the dot representing a fracture on
Mohr’s diagram. It should be noted, that normalized Mohr’s diagram may be used for analysis as

principal stresses are linearly included into equations (2) and (3).

The following problem may be solved. For the given principal stresses magnitudes 61, 62,
and o3 one needs to find the variety of direction cosines | and n providing normal 6, and shear 1,
stresses satisfying criterion (1). Equations (2) and (3) defining a dot on Mohr’s diagram are

equivalent to a system of two equations:

2 2

Tn2+(cn_02;—63j :[02;G3j +|2(Gl—62)(01—63), (4)
2 2

rn2+(cn—61;GZJ :(Glgczj +n’(c,-0,)(c,-0,). (5)

These equations have a geometrical meaning of the intersection point of two circles with
centers having coordinates (0; (o1 + 62)/2) and (0; (o2 + 63)/2), and radii (61 — 62)°/4 + n*(cs —
61)(03 — 62) and (o2 — 63)°/4 + 1%(61 — 6,) (01 — 63). Zero values of | and n are related to two small
Mohr’s circles themselves; gradual increase of these cosines provides an increase in circles’
radii.

If a gradual increase of direction cosine n is considered, the first critically stressed
fracture will emerge at the moment of the first intersection between circle (5) and the raw friction

law line t, = pwron. The corresponding value of direction cosine n is:

2 2
O, +0C G, —0O
T:2+ G,/?— 1 2 _ 1 2
2 2

g (53_51)(53_62)
A O,+0,
=1 -2 6b
T, =p-o,. (6¢)

The upper index A in these sequation represents the name of the point of intersection

between circle (5) with radius (6a) and raw friction law.
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It should be noted that technically this point may lie outside the area bordered by Mohr’s
circle preventing these stresses to be realized on the plane of any fracture. That means that the
values of direction cosine n are also determined by intersections between the outer Mohr’s circle
and raw friction law. Let the outer Mohr’s circle intersect the raw friction law at points B and C
with point C staying to the right (Fig. 2a and 2b). Point A with coordinates calculated from

equation (6) is given on these figures as well.

The values of normal and shear stress at points B and C and the corresponding value of

direction cosine n are equal to:

For point B:
2 2
TBZ+(GB_61+GZJ _(csl—ch
ng = 2 2 : (7a)
(53 Gl)(GS c52)
. ('51+c53—\/(c51+c53)2—4c51c53 (u2+1) (7b)
o, = ’
" 2(n?+1)
T, =p-o,. (7¢)
For point C:

2 2
¢ +(GE _Gl‘gczj _(Glgﬁzj
nC = ] (8a‘)

(03 _61)(63 _52)

c Gl+03+\/(Gl+63)2—4c5103(u2+1) oh
o " 2(n?+1) ’ (85)

T, =0, . (8c)

That means that the values of direction cosine n for critically stressed fractures are to stay

inside the following limits:
ne[max(n,;n); ng ], (9)

where the values of na, ng, and nc are calculated from equations (6) through (8).
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Figures 2a and 2b represent the discussed points for a certain stress state with fixed
principal stresses. Fig. 2a is plotted for the case of na < nc, and Fig. 2b represents the case na >
nc. Equation (9) presents all the possible values of one direction cosine for fractures being
critically stressed under principal stresses 61, 62, and o3. Note that direction cosines appearing in
these equations are calculated for a coordinate system associated with principal axes of stress

tensor.

In order to solve the stated problem one needs to determine the interval of possible values
of direction cosine | standing for critically stressed fractures for every value of n inside the
interval (9). It is possible to determine the coordinates of points of intersection between circle (5)
and raw friction law line for any value of direction cosine n from the obtained interval. These
points are represented as D and E (E is to the right of D on Mohr’s diagram, or 6," > 6., Figures

2c and 2d), and their coordinates are:

For point D:
2
o0 DoV —d4c (10a)
2
t.P=pc,”, (10Db)
G, +GC
h=——L""2 10c
u2+1 (10¢)
C:_n2(03 Gl)(ZGS—GZ)—O'lGZ (10d)
no+1
For point E:
2
o F - DrVb-dc (11a)
2
tf=p-0.F, (11b)
G, +0C
b=--L—-2 1lic
n?+1 (11c)
C:_n2(03 0,)(o;-0,)-0,0, | (11d)
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If these values are introduced into equation (4), the following corresponding values of
direction cosine | are obtained:

’ED2+(GD _62+G3J2_[62—63jz
n n 2 2
I, = , (12a)
° (Gl 02)(61 c53)
‘CE2+(GE _02+03jz_(02—03jz
I = 2 2 ) (12b)

(61_52)(01_63)

In the same way as before, point E (which is to the right of point D) may geometrically
stay outside the area bordered by Mohr’s circle. As a result, the corresponding stresses cannot be
realized. In order to take into account this opportunity, one has to consider point F — the point of
intersection between circle (5) and the outer Mohr’s circle — and calculate its coordinates and

corresponding value of direction cosine I:

P2 +[GF _0,+0, jz _(GZ - o, jz
- 2 2 (13a)

(01_62)(51_63) ,

o, =c,+n’(c,-0,), (13b)

n

2 2
CF - \/(gj _(GHF_WGSJ | (130)
2 2

As a result, for any value of n chosen from the interval (9), one may calculate the interval

of the second direction cosine | values to satisfy the critically stressed fractures criterion (1). This

interval is dependent on n and has the following form:
le[lp(n); min(lg (n); 1. (n))]. (14)

If one needs to obtain the possible values of the third direction cosine m (cosine of angle
between normal vector to a fracture plane and direction of intermediate principal stress ) of
critically stressed fractures, usual normalization should be used (I and n are taken from intervals
(9) and (14)):

m=+1-1*-n?. (15)
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Fig. 2 schematically represents the Mohr’s diagrams, Mohr’s circles, raw friction law,

and points A, B, C, D, E, and F with the same notation as above.

Figure 2. Schematic representation of the Mohr’s circles used for theoretical solution.

Figures 2a and 2b are related to equations (6) through (9). Red line represents the circle
(5) corresponding to the minimum value of direction cosine n from the interval (9); yellow color
represents the maximum value of the same interval. Fig. 2a represents the case of na < nc, the
circle related to na value is plotted as dotted line. In the corresponding way, Fig. 2b represents
the situation of na > nc, with nc-related circle plotted as dotted line. Figures 2c and 2d are related
to equations (10) through (14). At these plots one n value is chosen from the interval (9), and red
line is related to circle (5). Blue lines represent the circles (4) with the boundary values of | from
the interval (14). Dark blue line represents the minimum | value, and light blue line stands for the
maximum value. Two cases are considered in the same way as before Iz > I¢ (Fig. 2¢) and Ig < I¢

(Fig. 2d). Dotted circle is related to the maximum of these two values.

As a result, the algorithm for finding all possible combinations of direction cosines | and
n for given principal stresses o1, 62, and o3 is established. First of all, the coordinates of the
critical points A, B, and C and corresponding values of direction cosines na, ng, and nc are
calculated according to equations (6) through (8). The interval of possible values of n is

determined as (9). Then for each value of n inside the calculated interval the coordinates of
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critical points D, E, and F and corresponding values of direction cosines Ip, g, and I are
determined according to equations (10) through (13). Finally, for each value of n from the
interval (9) the interval of corresponding direction cosines | is calculated following equation
(14). Each pair of direction cosines | and n is combined with the third cosine m obtained from
equation (15). As a result, the magnitudes of principal stresses and friction coefficient p give a
certain variety of combinations I, m, and n defining spatial orientations of vectors n normal to all

critically stressed fractures:

le[lp(n); min(lg (n); 1. (n))]
-l omevioiow | (o

ne[max(n,ng); ng |

Coordinates of the normal vector n are given here for a coordinate system related to

principal axes of the considered stress tensor.

Despite the study of critically stressed fractures being relatively easy with Mohr’s
diagram, real data on fractures are typically analyzed using angles, characterizing the fractures’
spatial orientations in a certain geographical coordinate system regardless of principal stresses
directions and normal vectors to fractures’ planes. Such angles include strike and dip angles for
example. In order to turn direction cosines into these angles one has to carry out several

operations.

Consider a coordinate system with the first axis directed at gravitational force direction,
the second axis directed to the East and the third — to the North. An arbitrary stress tensor ajj IS
considered in this coordinate system with its components being equal to:

G11 O Op
Gij =| 021 O Oyu |y (15)
031 032 633

The principal values of this positive definite symmetric tensor are determined from

characteristic equation (A are the eigenvalues of (15)):

det(csij — XSij) =0, (16)
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where & is Kronecker delta, i, j = 1, 2, 3. This equation has three roots o1, 62, and o3,
which are the principal stresses used above. Directions of these principal stresses are determined
from system of the equations:

k k k
(011 — Oy ) N’ +o,n, +o,n" =0,
6,0 +(0, =0, )N  + 06,0 =0,

(17)

K K K
G5, N, +03,N, +(Gss_ck)ns =0,
2 2 2
K k K
(nl ) +(n2 ) +(n3 ) =1.

Herek =1, 2, 3; npk is the cosine of an angle between direction of principal stress o and

coordinate system axis numbered p (p = 1, 2, 3).

As a result, normal vectors n to critically stressed fractures planes will have the following

coordinates in a global coordinate system:

I 0l on? o on? Ie[ID(n); min(IE(n);IF(n))]
m, [=|n' n? n}| m=+1-1%>-n? : (18)
n

S on? o, ne[max(n,n); ng|

where npk are obtained from equations (17). lp, mp, and no are the resultant direction
cosines of critically stressed fractures in the introduced global coordinate system. Once the
values of na, ng, nc, In(n), Ie(n), and Ig(n) are calculated from principal stresses via equations (6)
through (8) and (10) through (13), the posed problem is solved: spatial orientations of critically
stressed fractures are obtained for an arbitrary stress tensor oj (15). Although it generally solves
the posed problem, some further considerations are to be carried out to simplify the further usage

of the obtained solution.

Lambert azimuthal equal-area projection (a detailed description of using this projection to
analyze strike and dip angles is given by Snyder (1987) and Allmendinger et al. (2012)) will be
used in the current study to interpret the direction cosines in terms of structural geology. The
following approach is used to show principal stresses’ directions on lower hemisphere Lambert
equal area stereonet. A sphere of unit radius is constructed from the center of coordinate system;

latitude and longitude of the point of intersection between this sphere and vector in direction of
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the considered principal stress are calculated. For the coordinate system used in this study

latitude @k and longitude Ay of direction of principal stress ok are calculated as:

k

@, =arctan s : (19a)
k\? k\?
() +(n.")
n k
L, =arctan (LKJ : (19b)
nl

Each three cosines lp, mg, and ng of critically stressed fractures are interpreted as

longitude and latitude in a way analogous to principal stresses’ directions (19) as:

¢ = arctan L N , (20a)
(IO)2 +(m, )2
A, =arctan [%J : (20Db)
0

As far as equation (18) presents a variety of direction cosines of normal vectors to
critically stressed fractures planes, equations (20) give a domain of critically stressed fractures on
a stereonet contrary to equations (19) which give nothing more than three dots on the stereonet

corresponding to each of the principal stresses.

The overall procedure of obtaining spatial orientations of critically stressed fractures for a
given stress tensor oj; may be formulated as follows: 1. Calculation of principal stress magnitudes
and directions by finding eigenvectors of tensor ojj. 11. Calculation of limits on spatial orientation
of critically stressed fractures in principal stresses space using equations (6) through (16). I11.
Calculation of direction cosines of the poles to critically stressed fractures planes in a global
coordinate system using equation (18). 1V. Visual representation of the obtained results at
stereonet with the help of equations (19) and (20). It seems important to notice that the
mentioned procedure may be completed for any arbitrary stress tensor o;; without any
assumptions regarding its direct form (except its symmetry which is typical for the majority of

geomechanical problems).

An example of plotted directions of principal stresses corresponding to stress tensor with

components 611 = 25 MPa, 62, = 18 MPa, o33 = 8 MPa, 612 = 621 =—7 MPa, 613 = 631 = 1 MPa,
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o023 = 032 = —3 MPa on lower hemisphere Lambert equal area stereonet is shown in Fig. 3a
alongside with the corresponding domains of critically stressed fractures. The following
nomenclature will be used hereafter to plot the stereonets: maximum compressive stress 61 Will
be represented by a red dot; intermediate principal compressive stress 6, — by a yellow dot; least
principal compressive stress o3 — by a green dot. Tensile stresses will not be considered. Solid
lines (blue in this current case) will serve as boundaries for the domains of critically stressed
fractures. Domain of critically stressed fractures is filled with blue in this figure showing the
typical area bordered by solid lines — it will not be filled in the subsequent figures. Fig. 3b
represents the possible values of direction cosines | and n calculated from equations (6) through
(16) for the considered stress tensor.

3(a) 3(b)
n 1.0

0.8

0.6

0.4

0.2

0.0
00 02 04 06 08 1.0

l

Figure 3. An example of positioning critically stressed fractures at stereonet and

direction cosines diagram.

The given example is of illustrative nature. It shows that it is enough to know friction
coefficient to determine all possible spatial orientations of fractures being critically stressed in a
given stress state characterized by an arbitrary stress tensor . Despite some difficulties
emerging during mathematical description of critically stressed fractures’ spatial orientations, the
developed algorithm may be applied to the results of geomechanical modeling containing
distributions of stress tensor components. It is to be mentioned that all provided equations

dealing with stresses are relevant to effective stresses following Biot’s theory.
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The obtained solution presents an opportunity to qualitatively estimate the relative
amount of critically stressed fractures. Dubinya and Fokin (2018) proposed the coefficient Scrit
connected to relative amount of critically stressed fractures as the ratio between the area of
domain of critically stressed fractures above the raw friction line at Mohr’s diagram (Fig. 1) and
the whole area of Mohr’s circle. It was discussed that this ratio is equal to the relative amount of
critically stressed fractures for a representative volume of an “ideal” rock characterized by
uniform distribution of spatial cosines | and n of natural shear fractures. Although this value
can’t be directly considered as fraction of critically stressed fractures in rock because uniform
distribution of natural fractures orientations is not typical for real rocks, it is possible to consider
this value as a qualitative measure of the relative amount of critically stressed fractures. The
explicit equations for relative amount of critically stressed fractures Sci; are:

8(S;; — Sy, — Sy)

= 2 2 2\’ (21)
n((61—63) —(0,-0,) —(0,-0,) ) |

crit

where Sj; (i, j = 1, 2, 3) are non-zero in case of positive value of (c; + csj-)2 — 4(p® +1) and

are equal to:
(o, — )% [ arccos B; —arccos A; +
S, = , (21b)
’ 8 | +B,1-A%-A1-B
where
AU- =—u2(ci+cj)+\/(<52i+Gj)2—4(l+u2)0icj | (21C)
(L+p") (o, _Gj)
o _H(+0) -6+, ~40+u)o, (214)

! (1+H2)(Gi_cj)

As a result, any naturally fractured rock subjected to stresses (15) may be characterized
by spatial orientations of fractures that are critically stressed under the given conditions
(equations (6) through (18)) and their relative amount obtained from equations (21), which
concludes the section devoted to analytical solution of critically stressed fractures spatial

orientations problem.
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The following sections present some applications of the obtained solution to consider the
typical tendencies in critically stressed fractures spatial orientations for variations of stress tensor

components.

3 Hlustrative examples

The evolution of stereonets representing critically stressed fractures spatial orientations
and their relative amount is considered for cases of gradual changes of various parameters of
stress tensor (15) or rock properties in this section.

3.1 Principal axes rotation

It is convenient to start analysis of different stress tensors and corresponding critically

stressed fractures spatial orientations from the rotation of principal axes of the stress tensor.

It is typical for reservoir geomechanics problems (Zoback, 2007) to consider stress tensor
(15) in accordance with well-known Anderson’s classification of stress regimes (Anderson,
1951) and new fault types: new formed faults will be normal, strike-slip, or reverse depending on
whether the maximum o3, intermediate 62, or minimum compressive stress o3 is directed
vertically. These types have been extended to include transitional cases (Philip, 1987; Guiraud et
al., 1989) between stress regimes caused by gradual increases in certain components of stress
tensor. These transitions may be quantitatively analyzed with introduction of specific tensor
shape parameters summarized by Célérier (1995). In the current study the convenient form of
generalized stress tensor shape parameter proposed by Simpson (1997) will be used to analyze

various stress states from the perspective of critically stressed fractures.

Fig. 4 gives a schematic representation of three Anderson’s stress regimes: Normal Fault
(o7 is directed vertically), Strike-Slip (o2 is directed vertically), and Reverse Fault (o3 is directed
vertically). These three cases are typical for upper layers of the Earth’s crust, but, generally
speaking, the condition of one of stress tensor principal axes being vertical is only satisfied if the
Earth's surface is considered as a free horizontal boundary with no traction. Not every stress state

has this property — principal axes may rotate in a vicinity of a major structural weakness.
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Normal Fault Strike-Slip Reverse Fault

47 0
O3 ‘1 o, ¢ ) o,

O3 (O3]
o |\ ol /7| o

Figure 4. Schematic representation of transition between stress regimes with constant
principal stresses magnitudes

Let’s consider a hypothetical rotation of stress tensor principal axes using three Euler’s
angles. It is possible to change all Euler’s angles simultaneously providing a complicated
evolution of critically stressed fractures spatial orientations. The initial stress tensor o;° has its
maximum principal stress 61 directed vertically and intermediate stress o, directed to the East —a

typical Normal Fault stress regime. Initial stress state may be described as:

c, 0 O
Gijo =0 o, 0], (22)
0 0 o,

in the proposed coordinate system (the first axis is vertical, the second is aimed at East;
the third is aimed at North).

In the current paper Euler’s angles are conventionally introduced to make it possible to
transit from initial stress state (22) to the considered stress state (15). Principal stresses are the
same for both stress states. Typical z-x-z convention is used here: the first Euler’s angle ¢ stands
for rotation of initial stress tensor about initial o3 direction (North); the second Euler’s angle 0
represents rotation about current o; direction (rotations are consecutive); the third Euler’s angle
v stands for rotation about current 63 direction (Fig. 4). Note that ¢ = 6 =y =0 represents pure
Normal Fault regime; the first rotation leads to pure Strike-Slip regime when ¢ becomes equal to

n/2; the second rotation results in pure Reverse Fault when 6 becomes equal to /2.

The final directions of principal stresses of stress tensor (15) — solution of equations 17

through may be calculated from the proposed Euler’s angles as:

n' nt n;' COS ( COS y — COS OSin @Ssin y —Cos y sin ¢ —cos @ cosBsiny  sin Osin y
n’ n,?n’ |=| cosOcosysine+cosesiny cosocosOcosy —singsiny —cosysin® |. (23)
n®n}n} singsin® cos@sin© cos 0
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If principal stresses magnitudes 61, o2, and o3 are fixed, variations ¢, 0, y € (0; ) cover
all the possible stress states with these principal stresses. For example, stress state represented in
Fig. 3 may be analyzed from the perspective of Euler’s angles as: ¢ = 10°, 0 = 15°, y = 25

principal stresses ratio is: 61/62/03 = 4/2/1.

Figures 5 through 7 represent the described rotations of stress tensor and corresponding
changes in critically stressed fractures domain at the stereonet. A particular stress state with ratio
01/62/63 being maintained as 4/2/1 was analyzed. Friction coefficient is set to 0.6.

5(a) p=0 5(b) o =mn/6 5(d) p=m/25(c)

Figure 5. The first rotation about minimum principal stress direction (6 =y =0; ¢ is

gradually increasing).

6(a) p=0 6(b) 0=mn/6 6(c) 0=n/3 6(d) 0=mn/2

]
\ |

Figure 6. The second rotation about current maximum principal stress direction (¢ = /2,

vy = 0; 0 is gradually increasing).
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7(a) y=0 7(b) y=m/6 7(d) v=mn/27(c) y=m/3

hoed

£y

E W T

Figure 7. The third rotation about current minimum principal stress direction (¢ =0 =

n/2; y 1s gradually increasing)
3.2 Transistional stress regimes

Previous section was devoted to rotation of principal axes of stress tensor with fixed
values of principal stresses magnitudes. The next step is analysis of critically stressed fractures

behavior under varied principal stresses magnitudes and fixed principal axes.

It is possible to study the relationship between principal stresses through stress tensor
shape parameters proposed by Angelier (1979) and developed by Simpson (1997). Shape of any
stress tensor may be quantitatively analyzed with the help of shape parameter ¢ that is closely

related to Lode-Nadai coefficient:
¢ = (02 — 03)/(01 — ©03). (24)

This definition compares the magnitude of the intermediate stress o to the other principal
stresses: if the intermediate stress is equal to minimum stress, ¢ approaches 0; if it is close to

maximum stress, ¢ approaches 1.

There is no information regarding directions of principal axes in this definition, so this
parameter was changed to improve its application in geomechanics: if one of the principal axes is
aimed vertically, this parameter may be modified to include information about which particular
stress is directed vertically. The following modified stress tensor shape parameter A, was
introduced by Simpson (1997):

A, =(5+05)+(-1° (¢—0.5) = (s +0.5)+(-1)° (M—o.sj, (25)
6,763
where s is an index humber connected to the considered stress regime: s = 0 for normal

stress regime (o7 IS directed vertically, Fig. 5a); s = 1 for strike-slip (o2 is directed vertically,
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Figures 5d and 6a); s = 2 for reverse fault (o3 is directed vertically, Fig. 7). A, ranges
continuously from 0 to 1 for normal, from 1 to 2 for strike-slip, and from 2 to 3 for reverse fault

stress regimes.

The proposed analytical solution to spatial orientations of critically stressed fractures
makes it possible to obtain these orientations for transitions between stress regimes caused by
gradual changes in stress tensor shape parameters.

Consider an initial stress tensor cijo with principal stresses ratio 61/62/03 = 4/1/1; ¢ =0, Ay
=0, Normal Fault stress regime. Only principal stresses will be changed in this section, so
Euler’s angles discussed in the previous section will be fixed. Critically stressed fractures has
been studied in an analogous way by Davidson et al. (2012) for a particular geothermal field with
maximum horizontal stress azimuth 56°, so the Euler’s angles were chosen as ¢ =0°, 0 =56°, y =
0° to provide an opportunity to verify the obtained critically stressed fractures patterns. Once

again, all the procedures may be carried out for any combination of Euler’s angles.

There are different opportunities to adjust stress tensor shape. Fig. 8 presents transition
between stress regimes caused by gradual increase of A, from 0 to 3 with fixed stresses o3 and
o3, under varied 61 = 03 + Ay'(01 — 63). Isolines of different color are borderlines of domains of
critically stressed fractures for corresponding values of stress tensor shape coefficients. Fig. 8a
shows domains of critically stressed fractures for increasing A, for Normal Fault; Fig. 8b shows
domains of critically stressed fractures for increasing A, for Strike-Slip; Fig. 8c shows domains
of critically stressed fractures for increasing A, for Reverse Fault. Fig. 8b is analogous to the one
obtained by Davidson et al. (2012) (see Davidson et al. (2012), Fig. 8) and is in full quantitative

agreement with their results.
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476 Figure 8. Transitions between stress regimes under fixed principal stresses directions and
477  varied stress tensor shapes.
478 It can be clearly seen that the domains of critically stressed fractures are axis-symmetric

479  for the cases of Ay = 0, 1, 2 which comes naturally from equations (1) through (3).
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480 Critically stressed fractures domains show similar behavior under different ratios c1/cs.
481  As aresult, variations of Ay and o1/03 ratios cover all possible principal stresses magnitudes.
482  These variations are summarized in Fig. 9 where relative amount of critically stressed fractures

483 St introduced in equation (21) is plotted for different stress tensor shape parameters.
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484
485 Figure 9. Relative amount of critically stressed fractures during transitions between stress

486  regimes under fixed principal stresses directions and varied stress tensor shapes.

487 Note that no critically fractures emerge if:

[ 2
488 S > Ll-'_“ (26)

489 following from equations (1) through (3). For the considered case of u = 0.6, minimum
490  ratio between maximum and minimum principal stress, providing an opportunity for critically
491  stressed fractures to emerge, is about 3.12. The maximum possible ratio between maximum and
492 minimum principal stresses is governed by rock strength properties. Fig. 9 represents evolution
493  of critically stressed fractures relative amount for a set of principal stresses ratios: o1/03 = 3.5,
494  4.0,4.5. As it can be clearly seen from equations (21), type of stress regime is not important for
495  relative amount of critically stressed fractures: only relationships between principal stresses

496  magnitudes matter. As a result, the same stress tensor shape parameter ¢ corresponding to

497  different generalized stress tensor shape parameters A, for different stress regimes provide the

498  same relative amont of critically stressed fractures. The following tendency is observed: relative
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amount of critically stressed fractures is the greatest for ¢ = 0 and 1, and the least in the middle
of transition with ¢ = 0.5. The largest changes in relative amount of critically stressed fractures

appear when ¢ changes from 0 to 0.1 and when it exceeds 0.6.
3.3 Denendency on friction coefficient

Friction coefficient p is the last parameter to analyze in the current study. All the
previous calculations were completed for a fixed friction coefficient p = 0.6. It is clear that an
increase in friction coefficient will lead to a corresponding decrease of domain of critically

stressed fractures.

Fig. 10 represents the evolution of critically stressed fractures domains at stereonets for a
set of typical fixed stress tensor shape parameters: A, = 0.3; 0.7; 1.3; 1.7; 2.3; 2.7 covering all
transitional stress regimes. Color represents different values of friction coefficient p=0.4; 0.5;
0.6; 0.7 with darker colors representing higher friction coefficients. It can be easily seen that an
increase in friction coefficient really leads to contraction of critically stressed fractures domain
with its center being close to spatial orientations of optimally oriented faults (Zoback, 2007).
This evolution is analyzed in the same way as in the previous section: Fig. 11 represents changes
in relative amount of critically stressed fractures obtained from equations 21 as a function of
friction coefficient for a fixed stress tensor shape parameter ¢. Once again, same values Of stress
tensor shape parameter ¢ obtained for different generalized stress tensor shape parameters Ay (Ag
= ¢ for Normal Fault; Ay = 2 — ¢ for Strike-Slip; Ay =2 + ¢ for Reverse Fault) provide the same
relative amount of critically stressed fractures Scrit because stress regime is not considered in

equations (21).
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521 Figure 10. Critically stressed fractures domains for varied friction coefficient.
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Figure 11. Relative amount of critically stressed fractures for varied friction coefficient

It is obvious from Fig. 11 that an increase in friction angle leads to a nonlinear decrease
in relative amount of critically stressed fractures. Although Fig. 11 is plotted for a fixed principal
stresses ratio o1/c3 = 4/1 and varied intermediate principal stress o, (Same as Fig. 8), this
evolution is similar for other 61/03 ratios: the plot moves to the right for the greater ratios. Scrit
becomes zero once raw friction law becomes higher than Mohr circle. The possible values of

friction coefficient p corresponding to presence of critically stressed fractures may be directly

s %3 _ - (27)

calculated from equation (26):

Magnitudes and directions of principal stresses alongside with friction coefficient of the
rock are the only parameters influencing spatial orientations and relative amount Scj; of critically
stressed fractures. In these sections each one of these parameters was analyzed from the
perspective of critically stressed fractures spatial orientations and relative amount: Figures 5, 6,
and 7 are focused on critically stressed fractures domains evolution caused by changes in
principal stresses directions; Figures 8 and 9 are related to gradual changes of principal stresses
magnitudes; and finally, Figures 10 and 11 deal with friction coefficient. As a result, any

arbitrary stress tensor may be considered as combination of these three cases proving that the
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proposed analytical solution is indeed suitable to understand critically stressed fractures patterns
for any geomechanical problem.

4 Conclusions

The obtained analytical solution makes it possible to calculate all possible spatial
orientations of critically stressed fractures for an arbitrary stress tensor acting in a fractured rock

mass with a known friction coefficient.

Taking into account numerous papers devoted to establishing the relationship between
critically stressed and hydraulically conductive fractures, knowledge of spatial orientations of
critically stressed fractures is an important step to understand the filtration paths in naturally
fractured rocks.

The proposed mathematical algorithm is strongly dependent on the input data — the
spatial distributions of stress tensor components. As far as these data are among the main results
of geomechanical modeling, which is frequently carried out at the current state of scientific and
engineering approaches to reservoir development, the proposed algorithm can be easily
integrated into existing solutions for geomechanical modeling. At the same time, such an
integration will increase the value of geomechanical modeling results without considerable

changes in costs as far as all the equations (6) through (16) are analytical.

According to the problem being solved during geomechanical modeling, one may use the
obtained analytical solution to consider specific processes in terms of critically stressed fractures.
The following problems of reservoir geomechanics may be particularly analyzed: forecast of
critically stressed fractures near a hydraulic fracture and creation of a branching network of
hydraulically conductive fractures through fluid injection; analysis of evolution of critically
stressed fractures’ properties throughout reservoir development based on results of four-
dimensional geomechanical modeling and others; wellbore stability in fractured reservoirs and
other problems of reservoir geomechanics. It is also likely that there are other areas to apply the

obtained solution.

Spatial orientations of critically stressed fractures are the main focus of the current paper,
but there are also many important properties of the fractured medium not considered here. These

properties include sizes of the fractures, conductivity properties, shape and connectivity of the
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fractures and others. Scaling factor was not considered in the current paper as well. The last
results of modeling the behavior of naturally fractured rock masses prove that these factors may
be taken into account if petroelastic modeling approaches are applied to predict effective
mechanical properties of fractured rock masses. It is worth to be highlighted that the analysis of
spatial orientations of critically stressed fractures should be completed beforehand leading to
increase in quality and reliability of input data for petroelastic modeling.
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