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Kletzing4

1Department of Space Physics Institute of Atmospheric Physics Czech. Acad. Sci. Prague
Czech Republic
2Research Institute for Sustainable Humanosphere Kyoto University Uji Japan
3Department of Space Physics Institute of Atmospheric Physics Czech. Acad. Sci. Prague
Czech Republic
4Department of Physics and Astronomy University of Iowa Iowa City Iowa USA

November 22, 2022

Abstract

The nonlinear growth theory of chorus emissions is used to develop a simple model of the subpacket formation. The model
assumes that the resonant current, which is released from the source to the upstream region, radiates a new whistler mode
wave with a slightly increased frequency, which triggers a new subpacket. Saturation of the growth in amplitude is controlled
by the optimum amplitude. Numerical solution of advection equations for each subpacket, with the chorus equations acting as
the boundary conditions, produces a chorus element with a subpacket structure. This element features an upstream shift of
the source region with time and an irregular growth of frequency, showing small decreases between adjacent subpackets. The
influence of input parameters on the number of subpackets, the shift of the source, the frequency sweep rate and the maximum
amplitude is analyzed. The model well captures basic features of instantaneous frequency measurements provided by the Van
Allen Probes spacecraft. The modeled wave field can be used in future particle acceleration studies.
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Abstract16

The nonlinear growth theory of chorus emissions is used to develop a simple model17

of the subpacket formation. The model assumes that the resonant current, which is re-18

leased from the source to the upstream region, radiates a new whistler mode wave with19

a slightly increased frequency, which triggers a new subpacket. Saturation of the growth20

in amplitude is controlled by the optimum amplitude. Numerical solution of advection21

equations for each subpacket, with the chorus equations acting as the boundary condi-22

tions, produces a chorus element with a subpacket structure. This element features an23

upstream shift of the source region with time and an irregular growth of frequency, show-24

ing small decreases between adjacent subpackets. The influence of input parameters on25

the number of subpackets, the shift of the source, the frequency sweep rate and the max-26

imum amplitude is analyzed. The model well captures basic features of instantaneous27

frequency measurements provided by the Van Allen Probes spacecraft. The modeled wave28

field can be used in future particle acceleration studies.29

1 Introduction30

Chorus emissions are coherent electromagnetic waves propagating in the whistler31

mode which are frequently observed in the inner magnetosphere, typically in the range32

of L-shells from 4 to 8 (Tsurutani & Smith, 1974; Santoĺık, Gurnett, et al., 2003; Kasa-33

hara et al., 2009). They can induce both acceleration and losses of energetic electrons34

in the radiation belts (Tsurutani et al., 2009; Turner et al., 2013) through nonlinear in-35

teractions (Summers et al., 2013). These processes are sensitive to the frequency-time36

structure of the chorus wave packets (Tao et al., 2013), which therefore needs to be well37

understood in order to fully comprehend the dynamics of the radiation belts. The fine38

structure of chorus elements which rise in frequency has been discovered from high res-39

olution measurements of the Cluster spacecraft (Santoĺık, Gurnett, et al., 2003; Santoĺık40

et al., 2004) which show that each element of the discrete emission consists of several sub-41

packets with growing wave frequencies. The subpacket structure of chorus has been con-42

firmed by recent analyses of multi-component measurements of chorus by Van Allen Probes43

(Santoĺık, Kletzing, et al., 2014; Foster et al., 2017; Omura et al., 2019). This fine struc-44

ture has also been observed in full particle simulations (Hikishima et al., 2009, 2010) and45

hybrid simulations (Katoh & Omura, 2016). A feature unique to the simulations, not46
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yet observed by any spacecraft missions, is the movement of the source to the region up-47

stream of the wave, which happens along the frequency growth.48

To explain the features of chorus emissions discovered in numerical simulations and49

spacecraft measurements, the nonlinear growth theory has been developed (Omura et50

al., 2008, 2009). This theory recognizes the inhomogeneity of magnetic field along a field51

line as the main controlling factor for the formation of an electromagnetic electron hole52

in the velocity phase space. Phase-bunched resonant electrons traveling around the hole53

produce a resonant current which causes the amplitude and frequency growth of the whistler54

mode wave. The nonlinear growth theory gives values of frequency sweep rates and am-55

plitudes of chorus elements which are in good agreement with in situ observations (Kurita56

et al., 2012; Yagitani et al., 2014; Foster et al., 2017). It has also been applied to explain57

the fine structure of electromagnetic ion cyclotron (EMIC) emissions, which, similarly58

to chorus, consist of several subpackets (Omura et al., 2010; Nakamura et al., 2015). The59

subpacket structure of EMIC waves was analyzed numerically by Shoji and Omura (2013)60

and they also presented an idea that the subpackets could be produced by a repeated61

triggering process caused by the radiation from phase-organized protons which are con-62

tinuously being released from the interaction region.63

In the present study we use the nonlinear growth theory to develop a simple model64

of the fine structure of rising tone chorus emission, taking inspiration from the idea of65

subpacket formation in EMIC waves presented by Shoji and Omura (2013). The evolu-66

tion of the wave amplitude and wave frequency inside a single subpacket in the source67

region is described by the so-called chorus equations, derived by Omura et al. (2009).68

Wave propagation and convective growth is modeled with advection equations. The fun-69

damental assumption employed in the present model is that the resonant current, pro-70

duced through wave-particle interaction, carries the information about the wave vector71

and frequency of the emission and can act as a helical antenna and radiate a new coher-72

ent wave during their upstream propagation. Similar idea (i.e., the resonant current act-73

ing as an antenna) already appeared in the seminal paper of Helliwell (1967), but they74

did not connect it with the nonlinear growth theory, which was not yet fully developed75

at that time. Trakhtengerts et al. (2003) analyzed the frequency shift due to this antenna76

effect and estimated the amplitude of the emitted radiation, however, they did not con-77

sider it as a possible cause for the subpacket structure. Here, some further assumptions78

are made to separate the newly radiated wave from the previous subpacket, and the op-79
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timum amplitude derived by Omura and Nunn (2011) is used to introduce saturation80

effects into the model. Chorus elements obtained from the numerical solution show that81

between adjacent subpacket, there are small, local drops in the otherwise growing fre-82

quency, which is a feature that seems to be also indicated by the measurements of the83

Van Allen Probes (Santoĺık, Kletzing, et al., 2014; Foster et al., 2017). The upstream84

shift of the source region, previously obtained in some full-particle simulations, is also85

present in the model.86

This new model of the subpacket structure of the chorus emission is introduced in87

Section 2, which is further divided into three subsections that deal with the evolution88

equations for chorus, the resonant current and the proposed sequence of processes that89

occur during the growth of a chorus element. In Section 3 we present the numerical so-90

lution of the differential equations describing the new model, focusing on its unique fea-91

tures, namely the movement of the source region to the upstream and the inversion of92

frequency growth between subpackets. Section 4 is dedicated to the comparison of the93

modeled chorus element with Van Allen Probes observations of rising tone chorus emis-94

sions in the radiation belts. In Section 5 and we further discuss the advantages and short-95

comings of the presented model and conclude our main results.96

2 Model of a chorus element97

2.1 The evolution equations98

We are studying the evolution of wave frequency ω(h, t) and wave amplitude Bw(h, t)99

of a coherent electromagnetic whistler mode wave propagating parallel to a background100

dipole magnetic field through a one-component plasma with a constant number density101

of electrons. Distance h is measured along a magnetic field line, starting at the equator,102

t is the time. Following Summers et al. (2012), we describe the evolution with two cou-103

pled advection equations104

∂ω

∂t
+ Vg

∂ω

∂h
= 0 , (1)105

106

∂Bw

∂t
+ Vg

∂Bw

∂h
= −µ0Vg

2
JE , (2)107

where Vg is the group velocity of a whistler mode wave, µ0 is the permeability of vac-108

uum and JE is the resonant current density component parallel to the wave electric field.109

The first equation simply states that the frequency is constant in a frame of reference110

moving with the group velocity, which is a consequence of the ray approximation (Lighthill,111
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1965). A detailed derivation of the second equation has been given by, e.g., Nunn (1974)112

or Omura et al. (2008). Following Foster et al. (2017), we use Equations 1 and 2 to de-113

scribe the evolution of a single subpacket, not the whole chorus element, which was done114

in previous studies, e.g. Summers et al. (2012).115

The time evolution of Bw and ω in the source is given by the chorus equations of116

Omura et al. (2009). To obtain the equation for ω, we start from the definition of the117

inhomogeneity ratio118

S = − 1

s0ωΩw

(
s1
∂ω

∂t
+ cs2

∂Ωe

∂h

)
, (3)119

where Ωw is the normalized wave amplitude defined by Ωw = eBw/me, e denotes the120

elementary charge, me denotes the electron rest mass and c is the speed of light in vac-121

uum. The explicit forms of parameters s0, s1 and s2 are given in Omura et al. (2009),122

Eq. 11 – 13. Further we will assume a parabolic approximation of the magnetic field strength123

along field lines, allowing us to define the dependence of electron gyrofrequency on the124

distance along field line as125

Ωe = Ωe0

(
1 + ah2

)
, (4)126

where Ωe0 = eBeq/me is the equatorial electron gyrofrequency, Beq is the magnetic field127

strength at the equator and a comes from the small-latitude Taylor expansion of the mag-128

netic field and is given by a = 4.5/(LRE)2, with RE being the Earth’s radius. Conse-129

quently,130

∂Ωe

∂h
= 2ahΩe0 . (5)131

We will require that |JE | is maximized in the source, which is located in the distance hi,132

where i indexes the subpackets. The maximum of |JE | is achieved with (Omura et al.,133

2008) S ≈ −0.41 ≡ −Smax. We can now substitute this value on the left hand side of134

Equation 3 to obtain, using also Equation 5, the first chorus equation135

∂ω

∂t

∣∣∣∣
hi

=
Smaxs0ω

s1
Ωw −

2achis2

s1
Ωe0 . (6)136

The second term on the right hand side is not present in the derivation of similar equa-137

tion presented in Omura et al. (2009), because in Equation 6 we have allowed the source138

to be located away from the equator.139

The second chorus equation uses the concept of the threshold amplitude, which re-140

mains unchanged for hi 6= 0, so we can write (Omura et al., 2009)141

∂Ωw

∂t

∣∣∣∣
hi

= ΓNΩw −
2acVgs2

Smaxs0

Ωe0

ω
. (7)142
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Here ΓN represents the growth rate defined by143

∂Ωw

∂t
+ Vg

∂Ωw

∂h
=

dΩw

dt
≡ ΓNΩw . (8)144

As we will show in the next subsection, ΓN depends on both Ωw and ω, which causes a145

strongly nonlinear growth.146

2.2 Resonant current147

The interaction between resonant electrons and whistler mode waves leads to the148

depletion of trapped electrons from the phase space, which is often called the electro-149

magnetic electron hole (Omura & Summers, 2006). Untrapped particles traveling around150

the hole experience phase bunching (Helliwell, 1967; Dysthe, 1971), which manifests through151

the appearance of the resonant current density JR. It is useful to decompose this cur-152

rent density into the components JE and JB which are parallel to the wave electric and153

magnetic fields, respectively. The JE component is connected to the growth of wave am-154

plitude, as we have seen in Equation 2, and JB causes the growth of wave frequency. They155

may be expressed as (Omura et al., 2008)156

JE = −J0

∫ ζ2

ζ1

(cos ζ1 − cos ζ + S(ζ − ζ1))
1
2 sin ζ dζ , (9)157

158

JB = J0

∫ ζ2

ζ1

(cos ζ1 − cos ζ + S(ζ − ζ1))
1
2 cos ζ dζ , (10)159

where ζ is the gyrophase angle defined with respect to the wave magnetic field, and ζ1(S),160

ζ2(S) set the left and right boundaries of the separatrix in the v‖(ζ) phase portrait. The161

quantity J0 depends on the distribution of hot electrons trapped by the wave. Here we162

follow Summers et al. (2012) and assume a fully adiabatic evolution of a hot electron dis-163

tribution, chosen to be bi-Maxwellian in momenta, to define164

J0 =

(
23e3V 5

⊥0Bw

) 1
2

(mekγR)
1
2

χQG , (11)165

where166

G(h) =

(
1 + ah2

1 + ah2(1 +Aeq)

) 1
2 Nhe

2π2Uth,⊥eqUth,‖eq
exp

(
− γ2

RV
2
R

2U2
th,‖eq

)
(12)167

carries information about the distribution function and168

Aeq =
U2

th,⊥eq

U2
th,‖eq

− 1 (13)169

is the equatorial anisotropy of the hot electron distribution. The other quantities we in-170

troduced in Equations 11 and 12 are as follows: average perpendicular electron veloc-171
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ity V⊥0, wave number k, resonance velocity VR, Lorentz factor γR of an electron prop-172

agating with the resonance velocity, dimensionless parameter χ2 = 1−ω2/c2k2 = 1− 1/n2
173

(where n is the refractive index of a whistler mode wave), number density Nhe of the hot174

electron population, depth of the electron hole Q, equatorial perpendicular thermal ve-175

locity Uth,⊥eq and equatorial parallel thermal velocity Uth,‖eq. The wave number of a par-176

allel whistler mode wave in cold plasma can be approximated as (Stix, 1992)177

k =
ω

cχξ
, ξ2 ≡ 1

χ2
− 1 =

ω(Ωe − ω)

ω2
pe

. (14)178

As a consequence of Equations 7, 9, 11 and 14, the nonlinear growth rate ΓN defined in179

Equation 8 can be written explicitly as180

ΓN =
(2ξχ3)

1
2QJE,max

γ
1
2

R

Ω2
e0

(Ωwω)
1
2

(
ωphe

Ωe0

)2
Vg

c

(
V⊥0

c

) 5
2 c2G

Nhe
, (15)181

showing a direct proportionality to Ω
−1/2
w . The constant JE,max ≈ 0.98 gives the value182

of JE = −JE,maxJ0 at S = −Smax and can be obtained by numerically evaluating Equa-183

tion 9.184

The particles which interact with the whistler wave have velocities and gyrophases185

that match the first order resonance condition for a wave whose spatio-temporal struc-186

ture is given by ω and k. Therefore, the particle bunches (and the depletion created by187

the bunching) form a helical shape in space on which are imprinted the wave frequency188

and wave vector of the interacting wave. Such helix can act as an antenna radiating a189

right-hand circularly polarized wave on this frequency. The use of helical antennas for190

creation of circularly polarized electromagnetic signals is a well-known concept in radio191

science, proposed in the 1940s by Kraus (1949). To get an estimate on the strength of192

the electromagnetic field radiated from the antenna, we will follow Yagitani et al. (1992)193

who computed the electric field of L-mode and R-mode plasma waves radiated from a194

current sheet on the background of a homogeneous magnetic field. Focusing on the R-195

mode, we can rewrite the result of Yagitani et al. (1992) as196

Eδ(z) = −cµ0

2

J̃s

n
e−ik|z| . (16)197

This is the response of the electric field to a current distribution given by Js = (J̃s, 0, 0)δ(z),198

where δ(z) is a delta distribution with units of inverse length and J̃s has the units of cur-199

rent density times length. Since we are not interested in the direction of the electric field200

vector, we have simplified the formula by assuming that Js points along the x-axis, lead-201

ing to Eδ(z) having only one nonzero component in our coordinate system. To obtain202
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the field radiated by the helical resonant current, we just have to realize that the elec-203

tric field, E(z), will always point in the direction of the current at each point along the204

z-axis, which coincides with the helical axis. Therefore, we only need to substitute the205

δ-distribution with a more realistic distribution of the magnitude of the current. With206

the resonant current distribution given as207

JR(z) = (J̃R, 0, 0)
1√

2πσJ

e
−z2
2σJ , (17)208

209

J̃R =
√

2πσJJpeak , (18)210

with σJ being a characteristic width of the distribution, we can obtain the total radiated211

field at a point z →∞ (far enough from the antenna) by integrating over the current212

distribution,213

Etot(z) = −cµ0

2

J̃R

n
e−ik|z|

∫ ∞
−∞

dz′
1√

2πσJ

e
−z2
2σJ = −

√
π

2
cµ0

σJJpeak

n
e−ik|z| . (19)214

And since we have formulated the evolution equations in the terms of wave magnetic field,215

we can now use the relation c|Btot|/n = |Etot| to obtain216

Btot = −
√
π

2
µ0σJJpeak . (20)217

The quantity Jpeak represents the peak value of the current density distribution, which218

may be obtained from a numerical simulation.219

With a uniform distribution of the current220

JR(z) =


(Jpeak, 0, 0) for − l/2 < z < l/2

(0, 0, 0) otherwise

(21)221

we would get222

Btot = −µ0

2
lJpeak . (22)223

The strength of the magnetic field of the emitted wave is directly proportional to the length224

of the helix. This is in agreement with the strength of electromagnetic field of circularly225

polarized waves radiated from a helical antenna as derived by Kraus (1949), Eq. 27.226

2.3 Model of the subpacket structure227

We envision the formation of the subpacket structure of the whistler mode chorus228

as follows. Initially, the electromagnetic emissions in the equatorial region are dominated229

by incoherent noise. Through interaction with hot electrons, the amplitude of the noise230
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grows according to the linear growth theory with a rate γL, which maximizes at the equa-231

tor, as it was shown by numerical simulations (Hikishima et al., 2009; Katoh & Omura,232

2016). After a certain time the linear growth produces a coherent emission with a wave233

amplitude that reaches the threshold amplitude (Omura et al., 2009)234

Ωthr(hi) =
5ξγRs

2
2

χ5Q2JE,maxSmax

a2c4

ωΩ2
e0

(
Ωe0

ωphe

)4(
c

V⊥0

)7(
Nhe

c2G(hi)

)2

, (23)235

where ωphe denotes the plasma frequency of hot electrons. Ωw > Ωthr expresses the nec-236

essary condition to start the nonlinear growth rate stage – below this threshold value,237

Equations 6 and 7 are not valid. Initially, ∂ω/∂t = 0 and ∂Ωe/∂h = 0 at the equator,238

then S = 0 as a consequence of Equation 3. Under such conditions, Equations 9 and 10239

give JE = 0, but JB < 0. It has been shown by Omura and Nunn (2011) that the com-240

ponent JB is related to the change of frequency ω′ across one whole subpacket by241

ω′ = −µ0

2

VgJB

Bw
. (24)242

The growth in frequency described by Equation 6 leads to the decrease of S and to the243

appearance of JE, which maximizes for S = −Smax. Increase in JE is followed by growth244

in amplitude as described by Equation 7. The emission also propagates away from the245

equator, experiencing further convective growth (Equation 2). The growth in the source246

is limited by the optimum amplitude (Omura & Nunn, 2011). As was the case with the247

first chorus equation (Equation 6), we need to include the shift of the source into the def-248

inition of the optimum amplitude. Let us introduce the ratio τ = TN/Ttr of the non-249

linear transition time TN for formation of the nonlinear resonant current, and the non-250

linear trapping period251

Ttr =
2π

χ

(
meγR

kV⊥0eBw

) 1
2

. (25)252

Now we put forward an assumption that the optimum amplitude for nonlinear growth253

is reached when the frequency sweep rate over a trapping period ω′/TN is equal to the254

sweep rate ∂ω/∂t given by Equation 6. Since S = −Smax in the source, we have JB =255

−JB,maxJ0, where JB,max ≈ 1.3 can be obtained by numerical evaluation of Equation 10.256

With this assumption, we can use Equations 25, 24 and 6 to obtain the optimum am-257

plitude258

Ωopt(hi) =
JB,maxχ

2Qs1

2
1
2πSmaxγRτs0

Ω2
e0

ω

(
ωphe

Ωe0

)2
Vg

c

(
V⊥0

c

)3
c2G(hi)

Nhe
+

2achis2

Smaxs0

Ωe0

ω
. (26)259

After the wave amplitude reaches Bopt, the nonlinear growth mechanism breaks down.260

At the same time, the strongest resonant current is released into the upstream. As ex-261

plained in Section 2.2, it forms a helical structure which continually radiates a whistler262
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mode wave at a frequency that matches the frequency of the initial wave at the point263

where the current has been created, that is, a frequency ω1 = ω0 + ∆ω1, where ω0 is264

the wave frequency of the initial subpacket and ∆ω1 is the frequency difference measured265

at the point where the optimum amplitude was reached (point 1 in Figure 1). To model266

a smooth decrease in amplitude of the initial subpacket, we simply switch the sign of the267

right hand side of Equation 7. It is further assumed that the new wave, produced by the268

radiation from the helical current, cannot replace the previous subpacket until its am-269

plitude drops below Bthr (point 1′′ in Figure 1). Using the group velocity Vg of the whistler270

mode wave and the resonance velocity VR of the particles, this corresponds to a wave271

source located in the distance (point 1′ in Figure 1)272

∆h1 =
VRVg

Vg − VR
∆t1 , (27)273

starting at time274

t1 = (VRtmax − Vgtend)/(VR − Vg) . (28)275

The time interval between points 1′′ and 1′ was denoted ∆t1 = tend − tmax. Since the276

radiation emitted by the helical current is coherent, it is immediately subjected to the277

nonlinear growth effects, provided it reaches the threshold amplitude. A new subpacket278

is then established at ∆h1 and the process repeats (points 2, 2′, 2′′ in Figure 1, etc.).279

The flowchart of our model is sketched in Figure 2.280

It will be shown later in Section 3.2 that the helical current can indeed be strong281

enough to emit waves with amplitudes larger than the threshold value Bthr, based on282

Equation 22 and simulated JR. The simulation will also confirm that the ratio JB/Bw283

from Equation 24 attains large values only near the source, suggesting that the nonlin-284

ear frequency growth happens only in that region.285

3 Numerical simulation286

3.1 Methods and initial conditions287

We solve the partial differential equations 1 and 2 with an upwind integration scheme,288

with the chorus Equations 6 and 7 acting as the boundary conditions at hi. As the ini-289

tial conditions we choose Bw(0, 0) ≡ Bw0 = 2Bthr(0, 0) and ω(0, 0) ≡ ω0 = 0.2 Ωe0.290

For each new subpacket the initial amplitude is always set to the double of the thresh-291

old amplitude, Bw(hi, ti) = 2Bthr(hi, ti), where hi is obtained by adding up shifts de-292

rived from Equation 27 and ti is given by Equation 28. The process is stopped when Bthr(hi) > Bopt(hi)293

–10–
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Figure 1. Schematic representation of the subpacket formation. After the wave amplitude

reaches the optimum amplitude Bopt at point 1, it starts dropping until it reaches the threshold

amplitude Bthr at point 1′′ within a time period ∆t1. At this point the radiation emitted from

point 1′ arrives, where 1′ corresponds with the peak helical current which was released from

point 1. New subpacket starts growing from point 1′. This process is then repeated with each

subpacket (points 2, 2′ and 2′′ etc.).

or when the initial frequency of the next subpacket exceeds a limiting frequency ωfin =294

0.5 Ωe0. This cut-off at ωfin is necessary as there is no mechanism in our model that would295

naturally confine the frequency to the lower band, like e.g. the nonlinear damping of oblique296

waves at half the gyrofrequency (Omura et al., 2009).297

3.2 Results298

The Equations 1 and 2 are first solved for a set of parameters listed in Table 1 un-299

der the row named ”Mid”. The chosen value of the magnetic field parameter a = 1.36 · 10−7c−2 Ω2
e0300

corresponds to an L-shell value of L = 4.5 and equatorial gyrofrequency Ωe0 = 6.0 · 104 s−1,301

where we used the value 3.1·10−5 T for the equatorial strength of the dipole field at the302

surface of the Earth. The time step is set to tstep = 4 Ω−1
e0 and the grid spacing is hstep = 1 cΩ−1

e0 .303
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Figure 2. Flowchart of the formation process of the subpacket structure of a whistler mode

chorus element.

In Figure 3 we present time-space plots of the wave frequency ω, wave amplitude Bw,304

resonant current density JR and its components JE, JB and the ratio JB/Bw. Accord-305

ing to Equation 24, frequency growth should happen only where the JB/Bw ratio plot-306

ted in Figure 3f is large. This coincides with the source region, supporting thus the va-307

lidity of our model. Figures 3c and 3d show that while the JB component of the reso-308

nant current density dominates in the downstream, it has values comparable to JE close309

to the source region. The peak values of the total resonant current density Jpeak in the310

source range from −0.39 · 10−4 Jnorm (first subpacket) to −1.06 · 10−4 Jnorm (last sub-311

packet), where Jnorm = meΩ
2
e0µ
−1
0 c−1e−1 is a normalization factor. Following the scheme312

in Figure 1, we take the peak value for the first subpacket and plug it into Equation 22313

to calculate the strength of the magnetic field of the newly radiated wave. Assuming the314

length of one loop of the helix l = 2π|VR|/Ωe0 = 1.65 cΩ−1
e0 , we get Btot = 3.2·10−5Beq,315

which we can compare with the local threshold amplitude Bthr = 1.0 · 10−6Beq. The316

helical current can span over hundreds of loops, seemingly increasing the estimate by up317

to two orders of magnitude. However, due to the frequency growth in the source, the pitch318

of the helix is changing and so each section radiates at a different frequency, limiting thus319
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Table 1. Table with input and output parameters. Values in row ”Mid” of the upper section

of the table were used to produce the results in Figure 3, rows ”Low” and ”High” show alternate

values for each of the parameters and rows ”Set 1” and ”Set 2” represent a set of values compiled

from the three previous rows. Values in rows ”Set 1” and ”Set 2” were used to produce the re-

sults in Figure 4. The lower section of the table lists values of the following output parameters:

number of subpackets NS, upstream shift of the source helm, frequency sweep rate ∆ω/∆t, the

time duration telm, the maximum amplitude Bw,max and the maximum frequency ωmax. In this

lower section, rows labeled as ”Low” (”High”) were obtained from simulations with input param-

eters from the ”Mid” set of input parameters, but in each column we replaced the ”Mid” value

of the respective input parameter by its ”Low” (”High”) value. Values of the output parameters

for the three sets of input values ”Mid”, ”Set 1” and ”Set 2” are shown in the three additional

columns on the right side of the table. The sweep rate, the time duration and the maximum

amplitude were always computed at a distance h = 500 cΩ−1
e0 .

Q τ
ωpe

Ωe0

ωphe

Ωe0

V⊥0

c

Uth,‖eq

c

a · 107

c−2Ω2
e0

Mid 0.5 0.5 5.0 0.3 0.4 0.15 1.36

Low 0.25 0.25 4.0 0.2 0.3 0.12 0.86

High 1.0 1.0 6.0 0.4 0.5 0.20 3.07

Set 1 0.25 0.25 5.0 0.3 0.4 0.15 1.36

Set 2 0.5 1.0 6.0 0.4 0.4 0.20 0.86 Mid Set 1 Set 2

NS Low 13 12 4 7 32 9 31 30 15 67

High 24 142 30 25 28 29 26
helm

km
Low 4400 1700 3300 3400 6700 3700 2800 3800 3700 2100

High 1900 6500 2800 2200 2500 3200 6600(
∆ω
∆t

)
kHz/s

Low 2.8 13.1 6.8 2.0 5.0 5.3 13.7 7.1 7.4 13.8

High 12.4 4.8 7.8 11.2 9.8 8.2 2.5
telm

ms
Low 310 220 30 220 580 100 300 400 400 300

High 230 590 370 250 300 350 660
Bw,max

Beq (%)
Low 0.6 2.2 0.3 0.4 0.8 0.5 1.5 1.5 1.1 1.4

High 2.8 0.7 1.3 2.5 1.6 1.6 1.5
ωmax

Ωe0
Low 0.290 0.500 0.220 0.247 0.500 0.257 0.500 0.500 0.500 0.500

High 0.500 0.500 0.500 0.500 0.500 0.500 0.500

the spatial range we can use for our calculations. We will discuss this in more detail in320

Section 5.321
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To show the effect of the model’s parameters on the overall result, we increased or322

decreased the values of the parameters one by one according to rows ”Low” and ”High”323

in Table 1. We recorded the number of subpackets NS, upstream shift of the source lo-324

cation across the whole chorus element helm, the time duration telm, frequency sweep rate325

∆ω/∆t and the maximum amplitude Bw,max. Sweep rate, time duration and maximum326

amplitudes are calculated for h = 500 cΩ−1
e0 , which is approximately equal to 2500 km327

or to a magnetic latitude λm = 5◦ for L = 4.5. If we measured the maximum ampli-328

tudes at larger h, they would grow steadily up to unreasonable values (Bw,max/Beq >329

0.1), which is caused by the assumption of parallel propagation of whistler modes, which330

cannot be justified further from the equator, as was shown by systematic analysis of space-331

craft measurements (Santoĺık, Macúšová, et al., 2014) as well as by theoretical consid-332

erations of chorus propagation in small ducts (Hanzelka & Santoĺık, 2019).333

From a combination of values from the rows ”Mid”, ”Low” and ”High” in Table 1,334

two new sets of parameters were assembled, ”Set 1” and ”Set 2”, with the goal of ob-335

taining a very low and a very high number of subpackets, while keeping the upstream336

shift, time duration and maximum wave amplitude of the element at reasonably low val-337

ues. The first set consists of ”Low” values of τ and Q and ”Mid” values of the rest of338

the parameters. The second set consists of a ”Low” value of a, ”Mid” values of Q and339

V⊥0 and ”High” values of τ , ωpe, ωphe and Uth,‖eq. The resulting time-space plots of wave340

frequencies and amplitudes are presented in Figure 4. With the first set we managed to341

push the number of subpackets down to NS = 15, while with the second set a very large342

value NS = 66 was obtained.343

As we have seen in Section 2, most of the simulation parameters influence the model344

in a highly complex manner. However, with the use of the results presented in Table 1345

and Figure 3, we can observe some patterns. The effect of the parameter τ is probably346

the most obvious, as it is found only in the formula for the optimum amplitude, Equa-347

tion 26. Low values of τ give large optimum amplitudes, allowing the wave frequency348

to grow more rapidly within one subpacket, which leads to a lower number of subpack-349

ets and that in turn decreases the total upstream shift of the source. The time duration350

is decreased due to the strong frequency growth as well. And naturally, higher maximum351

amplitudes in the source result in higher amplitudes in the downstream. The influence352

of the optimum amplitude on the results is visible also with the altered values of the other353

model parameters, but it is combined with effects caused mainly by changes in JE and Bthr.354
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Figure 3. Evolution of the chorus element in time and space obtained with input parameter

set ”Mid” from Table 1. The equatorial gyrofrequency Ωe0 = 6·104 s−1 can be used to convert the

axis ranges to t = (0, 670) ms, h = (−5000, 10 000) km and to calculate Jnorm = 5.4 · 10−5 Am−2.

The panels show in order a) wave frequency ω, b) wave amplitude Ωw, c) resonant current den-

sity component −JE, d) resonant current density component −JB, e) total resonant current

density −JR and f) the ratio −JB/Bw.

Increase/decrease in Q has the same qualitative effect as equivalent decrease/increase355

in τ , except for the low number of subpacket for small Q which is caused by the early356

termination of the simulation due to low values of optimum amplitudes in the upstream.357

Higher plasma frequency values can significantly decrease helm, but they have little ef-358

fect on the other output parameters. Increased values of the density of hot plasma pop-359
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Figure 4. As in the first two panels of Figure 3, with panels a) and b) corresponding to pa-

rameters from ”Set 1” and c) and d) to ”Set 2”. Due to the different L-shell value in the second

pair of panels, L = 4.0, the axis ranges are t[ms] = (0, 530) and h[km] = (−3500, 7000) with

Ωe0 = 8.52 · 104 s−1.

ulation, expressed through ωphe, and perpendicular velocity V⊥0, affect the results qual-360

itatively in the same way as an increase in Q. Low values of V⊥0 can strongly increase361

the drift of the source and the time duration of the element. The parallel thermal ve-362

locity has the most complex influence due to its appearance in the exponential in Equa-363

tion 12 as well as in the denominator of the formula, but the overall trend in the observed364

resulting parameters is similar to the effect of ωphe. Finally, magnetic field inhomogene-365

ity parameter a can strongly influence the sweep rate and the drift of the source.366

To better understand what the chorus element could look like in the measurements367

of a stationary spacecraft, we plot the time evolution of wave frequency and amplitude368

in Figure 5 for the three sets of parameters ”Mid”, ”Set 1” and ”Set 2”. The position369

in space is fixed to latitudes of 5◦ (red lines) and 15◦ (blue lines). In Figures 5a and 5c370

we can clearly see frequency drops between adjacent subpackets, while in panel e) this371
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Figure 5. Wave frequencies and amplitudes for the three different sets of parameters ”Mid”

(a,b), ”Set 1” (c,d) and ”Set 2” (e,f). The data are specified at latitudinal distance 5◦ (red lines)

and 15◦ (blue lines).

behavior becomes indistinct due to the large number of subpackets in the fine structure.372

Also, with rising frequency the subpackets are getting shorter and the ratios between the373

increase and the following drop in frequency within one subpacket are decreasing. The374

envelope of the amplitudes follows the dependence of the optimum amplitude on frequency375
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(see e.g. Omura and Nunn (2011), Figure 3a for comparison). With rising frequencies376

the peaks in the amplitude plot are getting smoother due to increasing dispersion of the377

whistler mode waves propagating in cold plasma. Dispersion also causes decrease of the378

relative height of the peak (from base to top), making the fine structure more homoge-379

neous.380

Last but not least, we have tested the influence of the initial value of the wave am-381

plitude of each subpacket. We determined that as long as the threshold amplitude Bthr382

is by at least one order of magnitude smaller than the optimum amplitude Bopt, any ini-383

tial amplitude that ranges from about 1.5Bthr to 3.0Bthr has negligible effect on the re-384

sults of the simulation. Similarly, decreasing integration steps in space and time by half385

did not lead to any changes in the values of output parameters.386

4 Comparison with observation387

High quality electromagnetic wave measurements provided by the two Van Allen388

Probes were used to identify large amplitude chorus events in the radiation belts. One389

such event, detected by the Van Allen Probe B spacecraft on 12 September 2014, is pre-390

sented in Figure 6. Figures 6a and 6b respectively show the frequency-time power spec-391

trograms obtained from the magnetic field and the electric field measurements, recorded392

by the EMFISIS Waves instrument (Kletzing et al., 2013) in the morning sector at McIl-393

wain’s L = 5.61 and magnetic latitude λm = 5.24◦ northward from the magnetic equa-394

tor. A sequence of intense chorus elements is clearly seen in both spectrograms below395

one half of the local electron cyclotron frequency, which is shown as a white or black solid396

line on the spectrograms. These electromagnetic waves have a right-hand circular po-397

larization, indicating the presence of the whistler mode in Fig. 6c obtained using the method398

of Santoĺık et al. (2002).399

The planarity of the magnetic polarization obtained by the singular value decom-400

position (SVD) method (Santoĺık, Parrot, & Lefeuvre, 2003), plotted in Fig. 6d, is above401

0.8 in the lower frequency parts of the elements between 1.2 kHz and 1.5 kHz, correspond-402

ing to the presence of a single plane wave in a given frequency-time bin of the spectro-403

gram. The planarity is below 0.8 in the upper frequency parts of the elements extend-404

ing up to a frequency of 1.7 kHz, suggesting that the plane wave approximation should405

not be used above 1.5 kHz.406
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The angle θk between the wave vector and local magnetic field line is lower than407

10◦−20◦ below 1.5 kHz, as shown in Fig. 6e. The higher values observed at larger fre-408

quencies are not reliable under the plane wave assumption. The azimuth of the wave vec-409

tor in Fig. 6f shows a predominant outward propagation in the plane of the local mag-410

netic meridian. Finally, Fig. 6g shows that spectral estimates of the Poynting vector, ob-411

tained using a method of Santoĺık et al. (2010), give directions outward from the mag-412

netic equator.413

The data recorded in the burst mode of the EMFISIS Waves instrument have a sam-414

pling rate of 35 kHz and a 16-bit dynamic range, allowing thus for a detailed analysis of415

the fine structure of chorus. Figures 7a and 7b show detailed waveforms of the first cho-416

rus element from Fig. 6. The analysis method used in Figures 7c, 7d and 7e is similar417

to the method used for measurements of the Cluster mission by Santoĺık et al. (2004)418

and the same as the analysis procedure used for another interval of Van Allen Probes419

measurements by Santoĺık, Kletzing, et al. (2014): The calibrated waveform is pass-band420

filtered between 0.4 kHz and 3 kHz and analytic signals are constructed using the Hilbert421

transform. Their instantaneous amplitudes are shown in Fig. 7c. The instantaneous fre-422

quencies plotted in Fig. 7d are obtained as time derivatives of the phases of the complex423

analytic signals, while both the instantaneous phases and amplitudes are used to con-424

struct instantaneous spectral matrices, whose SVD analysis provides us with estimates425

of the instantaneous wave vector angles plotted in Fig 7e.426

The analyzed chorus element is composed of subpackets, in consistence with the427

assumptions made in the model described in Section 2.3. The instantaneous frequency428

is globally rising with time but sometimes it steps back at the boundaries of the subpack-429

ets. This is consistent with the simulation results in Section 3. The input and output430

parameters analyzed in Table 1 cannot be readily compared with the observation since431

we do not measure Q and τ , which have both strong influence on the output parame-432

ters. Also, the assumption of bi-Maxwellian distribution, included in equations 12 and 13,433

need not hold, making the parameters V⊥0 and Uth,‖eq hard to interpret. Nevertheless,434

we can still look at the properties of the analyzed element and see that the parameters435

NS ≈ 23, ∆ω/∆t ≈ 1.8 kHz/s and telm ≈ 400 ms are within a multiple of 2 from the436

output parameters obtained in the simulation with a = 3.07 · 10−7 c−2Ωe0, which cor-437

responds to L = 5.5.438
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Figure 6. Results of spectral analysis of multicomponent measurements recorded by the

EMFISIS Waves instrument on Van Allen Probe B on 12 September 2014. Frequency-time spec-

trograms of a) sum of the power spectral densities of the magnetic components, b) sum of the

power spectral densities of the electric components c) ellipticity of the magnetic field polarization

with a sign corresponding to the sense of polarization, d) planarity of the magnetic field polariza-

tion, e) angle between the wave vector and the background magnetic field, f) azimuth of the wave

vector with respect to the outward direction in the plane of the local magnetic meridian, and

g) angle between the Poynting vector and the background magnetic field. A color scale is given

on the right-hand side of each spectrogram. One half of the local electron cyclotron frequency is

given by a white or black solid line in each plot. Time is given in UT at the bottom.

Figure 7 clearly shows that the waveforms of the perpendicular and parallel com-439

ponents behave differently, their subpacket structure is different and their estimated in-440

stantaneous frequencies are also slightly different. This is strongly reflected by the in-441

stantaneous wave vector angle which changes its value within each subpacket. As it was442
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Figure 7. Detailed analysis of the first chorus element from Figure 6. a) Waveform of mag-

netic field fluctuations perpendicular to the local field line, b) waveform of the magnetic field

fluctuations along the field line, c) instantaneous amplitudes for the perpendicular and parallel

components and for the modulus, shown respectively by red, blue, and black lines, d) instanta-

neous frequency with the same color coding plotted for the instantaneous amplitudes larger than

50 pT, e) instantaneous angle between the wave vector and the local field line; vertical grey lines

show the minima of amplitude of the dominant perpendicular component; black dots show its

local maxima larger than 50 pT relative to adjacent minima.

already noted for another case analyzed by Santoĺık, Kletzing, et al. (2014), the ampli-443

tude maxima generally correspond to the minima of the instantaneous wave vector an-444

gle.445

5 Discussion and conclusion446

In the development of our model of the fine structure of rising tone chorus emis-447

sion, we decided to base it on the nonlinear growth theory described in Omura et al. (2008)448

and the follow-up papers. There exists another prominent theory of the chorus emission,449
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summarized e.g. in Trakhtengerts (1999), which is based on the backward oscillator regime450

of cyclotron masers in space. It has been successfully applied to explain the time delay451

between chorus elements and their frequency sweep rate (Demekhov (2017) and refer-452

ences therein), but it has not yet explained their fine structure.453

A crucial role in the subpacket formation process is played by the electromagnetic454

radiation emitted from the resonant electrons leaving the source region. We have shown455

that the emitted wave should be theoretically far above the threshold amplitude, pos-456

sibly even reaching the optimum amplitude, which would stop the nonlinear growth mech-457

anism. However, the computation relied on the current having a shape of a perfect he-458

lix. In reality, the magnitude of the current is dependent on the phase bunching process.459

Without phase bunching of the untrapped resonant electrons, there is no net current.460

Therefore we should introduce a new parameter, 0 < P < 1, which would represent461

the quality of phase bunching and control the strength of the magnetic field of the emit-462

ted whistler wave as a multiplicative factor on the right hand side of Equation 20 or 22.463

Such parameter could be obtained through test-particle simulations of electrons trav-464

eling through the potential of a whistler mode wave. In full-particle simulations, the ra-465

diation appears naturally in the solution of Maxwell equations for the particle system.466

Another effect that can decrease the power of the emitted wave is the changing pitch467

of the helix. As the frequency of the wave inside the primary subpacket continuously in-468

creases, the helical current must copy the structure and change its pitch. This would lead469

to broadening of the spectral peak of the emitted wave, and to decrease of its maximum470

power. Since the amplitude of the current in the source has a peak (see Figure 3e, also471

compare with amplitude peaks in Fig. 5b which partially copy the evolution of current),472

we do not expect this effect to be very prominent. Nevertheless, it is clear that the true473

nature of this radiation process is more complex than shown in our model. Another ap-474

proach to the antenna effect can be found in Trakhtengerts et al. (2003), where they com-475

pute the radiated power and frequency shift directly from the transport equations for476

the wave amplitude and nonlinear phase. Since they do not consider any subpacket struc-477

ture, the antenna length becomes much longer and dephasing starts to play a major role.478

They conclude that the frequency shift due to the antenna effect should be about 100 Hz479

in typical magnetospheric conditions, which is similar to our result, and that the ampli-480

tude of the new wave Bw/Beq is between 10−5 and 10−4, which is above the threshold481

amplitudes considered in this paper.482
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The comparison of simulation results with observations of the Van Allen Probes483

confirms that the drops in frequency between subpackets, which are a fundamental part484

of our model, can be observed in large amplitude chorus elements. The upstream shift485

of the source, which is another important feature of the model, cannot be determined486

from measurements of a single spacecraft, but indirect indications of a similar effect have487

been reported by Taubenschuss et al. (2017) for bidirectional chorus wave packets. Two488

satellites with a small spatial separation (hundreds of kilometers) should be in princi-489

ple able to directly intercept one chorus element inside the source at different stages of490

its development. If this proposed drift of the source were real, one satellite (at the equa-491

tor) would see the whole frequency range of the element, while the other one (shifted slightly492

upstream) would see only the upper part of the range, and the first coherent, large am-493

plitude emission would appear with a significant time delay with respect to the first satel-494

lite’s measurement. Short distances between spacecraft with highly sensitive wave in-495

struments were achieved during several close separation campaigns of the four-spacecraft496

Cluster mission (see e.g. Němec et al. (2014)), and additional work is needed to iden-497

tify signatures of this effect for special configurations when different spacecraft are lo-498

cated close to a single magnetic field line, at transverse separations lower than a typi-499

cal transverse size of generation regions of separate chorus wave packets, i.e. on the or-500

der of 100 km according to Santoĺık and Gurnett (2003) and Santoĺık et al. (2004).501

The only simulation that clearly showed and analyzed a shift of the source region502

within a nonlinear theory was the simulation of EMIC waves by Shoji and Omura (2013),503

where the upstream drift of the source was qualitatively similar to our chorus simula-504

tion, but we cannot make any quantitative comparison due to the different nature of the505

whistler waves and ion cyclotron waves. Some less well-behaved movement of the source506

has been observed in chorus simulations as well, e.g. in the full-particle simulations of507

Hikishima and Omura (2012), but it was not properly discussed there.508

Another point that must be mentioned in the discussion of our results is the choice509

of ranges of parameter values which we used in simulations. While the field inhomogene-510

ity a is given by the dipole field model and plasma frequency ωpe can be chosen based511

on measurements in the equatorial region of the outer radiation belt, the choice of the512

remaining parameters is less obvious. The most important constraint imposed on the pa-513

rameters is that Bthr � Bopt must hold for the initial frequency. Our goal was to keep514

the values of ωphe, V⊥0 and Uth,‖eq as low as possible, because in general, very hot and515
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dense distributions are less likely to occur. Since all our simulations started at frequency516

ω = 0.2 Ωe0, i.e. at a fairly low value, we had to settle for hot plasma frequency of about517

0.3 Ωe0, which corresponds to relative density nhot/ncold = 3.6·10−3 for ωpe = 5.0 Ωe0.518

This is because the ratio Bthr/Bopt increases rapidly as the wave frequency decreases,519

as was shown by Omura and Nunn (2011). Even with these high hot electron densities,520

a small change of parameters could lead to large drifts of the source, which can cause521

the optimum amplitude to decrease below the threshold amplitude. This is demonstrated522

in Table 1, where the maximum frequency ωmax does not always reach the limiting fre-523

quency ωfin, resulting in very short chorus elements. The quantities Q and τ are essen-524

tially free parameters of the nonlinear growth theory, since they cannot be estimated with-525

out performing a self-consistent simulation, and therefore can be used to tweak the re-526

sults to certain extent.527

One of the consequences of the rather high values of hot plasma density are the large528

overall amplitudes of resulting whistler waves, reaching typically a few percent of the back-529

ground magnetic field (Figure 5). These results are overestimated because we have lim-530

ited our study to parallel propagation. The θk values can also reach tens of degrees in-531

side the source region (Santoĺık et al., 2009). Even in cases where the propagation is glob-532

ally quasiparallel (Figure 6) the θk values vary at time scales of subpackets (Santoĺık,533

Kletzing, et al., 2014), as we can also see in Figure 7. Energy of oblique whistler waves534

is transferred back to electrons through the Landau resonance (Hsieh & Omura, 2018),535

decreasing thus the observed wave amplitudes. The two dimensional nature of the cho-536

rus emission also has significant influence on the particle acceleration, as was shown by537

Omura et al. (2019). Crabtree et al. (2017) even suggest that the chorus generation mech-538

anism is inherently three dimensional, as they discovered a smooth change in the azimuthal539

angle of the wave vector within single subpackets.540

To summarize, we have shown that a model based on the nonlinear growth theory541

and the antenna effect can be used to simulate growth and propagation of single cho-542

rus elements with subpacket structure. The model features steep drops in frequency at543

the point where one subpacket transitions to the next one, and an upstream drift of the544

source region with increasing wave frequency. The first feature was confirmed by obser-545

vations of the Van Allen Probes spacecraft, the second one appears in self-consistent par-546

ticle simulations. Time duration and frequency sweep rate of the element and the num-547

ber of subpackets obtained through simulations are comparable to those observed in a548
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typical event of intense chorus recorded by the Van Allen Probe B spacecraft. The model549

can be used in test particle simulations to determine the effect of subpackets on parti-550

cle acceleration – this is left for future studies.551
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