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Abstract

We are studying the generation and propagation of whistler-mode waves from the upper ionosphere into the magnetosphere. We

are using a ray-tracing approach to solve the wave propagation problem, which enables low computational-cost, rapid parameter

scans. This approach also gives insights into the physics of wave propagation, through the use of simplified models. We have

developed a new python framework called Maestro. It is designed to orchestrate the ray tracing simulations, making them easier

to setup, run, and analyze once complete. Maestro ray tracing results will be shown for whistler waves in simplified plasma

geometries, illustrating the physics of whistler propagation, ionospheric ducting of VLF waves, and magnetospheric reflection.

Results will also be shown for rays propagated in a more realistic ionospheric model, as computed by the SAMI2/3 code. This

research is supported by the DARPA Defense Science Office
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Non-Cognitive Predictors of Student Success:
A Predictive Validity Comparison Between Domestic and International Students

Using Maestro, we are 
developing new insights into the 
dynamics of plasma waves in the 
magnetosphere

ABSTRACT
The propagation of whistler-mode waves are 
important for space weather, radiation belt 
dynamics, and as a diagnostic for the SMART 
program[1]. We are developing a new code 
to compute this using ray tracing. Maestro is 
quick and flexible; we have used it for 
quantitative predictions in realistic plasma
backgrounds, and also used it to discover
and study linear mode conversion in a 
reduced model.

METHODS
1. Ray tracing is used to compute the 

dynamics of plasma waves
2. A new python framework is under 

development to facilitate this modeling
3. This has been applied to realistic and 

simplified models

RESULTS AND DISCUSSION
• Calculations underway to predict whistler 

wave intensity that will be produced by 
the SMART project

• Linear mode conversion of lower-hybrid 
waves has been discovered in reduced 
model of ionosphere/magnetosphere 
boundary

• Could this mode conversion be involved 
in: ionospheric and plasmaspheric hiss, 
lightning generated whistlers, lower 
hybrid ducting… 

[1] See “SA33C-3166 - Space Measurements of A 
Rocket-Released Turbulence (SMART) an Experiment to 
Study Turbulence” on Wednesday afternoon
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Cold Plasma Dispersion Model:

Functions S, P, R, L 
depend on plasma 
properties and 
magnetic field 
strength
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Plasma System
• Geometry
• Species
• Density
• Magnetic Field

Dispersion Model
• Dispersion model
• Wave modes
• Derivatives of D

Wave Model
• Wave parameters
• Frequency
• Ray initial conditions
• Ray tracing output

Ray tracing for plasma waves

Supplemental Material

Ray Equations:

Wave dynamics in a SAMI2-computed 
background plasma

Mode conversion in reduced model of 
ionosphere / magnetosphere boundary

Python class structure in Maestro 

Result from a ray-tracing simulation of the propagation of whistler waves into the 
magnetosphere. The color background shows the electron density, as computed by 
the code SAMI2. The white dashed curve shows the location where the ionospheric 
oxygen plasma gives way to the magnetospheric hydrogen plasma. The white curve 
shows the trajectory that the whistler wave takes through the magnetosphere, 
nearly following the field lines between the northern to southern hemispheres, and 
reflecting after it passes the lower hybrid cutoff (yellow dashes). 
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gives

(13)h(q,p) = h(q∗,p∗) + 1
2
∆Z ·H∗ ·∆Z + · · · ,

where ∆Z ≡ (q − q∗,p − p∗).
We now consider the connection between the quad-

ratic Hamiltonian h(q,p) of (13) and the local 2× 2
dispersion matrix assumed in [4]. There, we asserted
that in a conversion region a congruence transforma-
tion could be used to bring the dispersion matrix D
into the form

(14)

⎛

⎝

Dα(z) η̃ 0
η̃∗ Dλ(z) 0
0 0 Dγ

⎞

⎠ ,

with Dα , Dλ and Dγ identified as the ‘uncoupled’
dispersion functions and η̃ the coupling constant.
Focusing attention on the upper left block, the local
2×2 form is then expanded about the conversion point
(defined in [4] as the point where the uncoupled rays
cross). We identify this crossing point as the saddle
point Z∗. The linearization (in the four-dimensional
phase space z) about Z∗ gives (using Dα(Z∗) =
Dλ(Z∗) = 0)

(15)
(

(z − Z∗) · ∇zDα η̃

η̃∗ (z − Z∗) · ∇zDλ

)

.

We now assume that the variation of the linear func-
tions (z − Z∗) · ∇zDα and (z − Z∗) · ∇zDλ is pre-
dominantly in the osculating plane of the ray, imply-
ing that (z − Z∗) · ∇zDα ≈ (Z(q,p) − Z∗) · ∇zDα ,
etc. Hence, we replace the four-dimensional quan-
tities in (15) with the local two-dimensional forms:
Dα(q,p) = ∆Z · α = (q − q∗)αq + (p − p∗)αp and
Dλ(q,p) = ∆Z · λ = (q − q∗)λq + (p − p∗)λp . The
Hamiltonian h(q,p) is now identified as the determi-
nant of the 2× 2 dispersion matrix:

(16)h(q,p) ≈ Dα(q,p)Dλ(q,p) − |η̃|2.
Using Dα(Z∗) = Dλ(Z∗) = 0, we find that

(17)h(q∗,p∗) = − |η̃|2,
and a little algebra shows that (∆Z ·α)(∆Z ·λ) can be
written as ∆Z ·H∗ ·∆Z with

(18)H∗ =
(

αqλq
1
2 (αqλp + αpλq)

1
2 (αqλp + αpλq) αpλp

)

.

Note the important result that

det(H∗) = − 1
4
(αqλp − αpλq)2 = − 1

4
{Dα,Dλ}2.

(19)

This last quantity is the square of the Poisson bracket
of Dα and Dλ, a quantity denoted B in [4]. Therefore,
the normalized coupling is

(20)|η|2 ≡ |η̃|2
|B| = − 1

2
h∗

(− detH∗)1/2
.

From this, we compute the transmission and conver-
sion coefficients [4] (the reader should also refer to
Fig. 1 for a graphical representation of the relationship
between the incoming and outgoing wave fields):

(21)ψoutα = τψ inα , ψoutλ = βψ inα .

Here, ψ inα is the amplitude of the incoming field,
meaning that the incoming electric field for polariza-
tion α is of the form Einα = êαψ inα , etc. The transmis-
sion and conversion coefficients are

(22)τ = e− π |η|2, β(η) ≡ (2πτ )1/2

ηΓ (− i|η|2) .

In the expression for the conversion coefficient, β , we
are lacking the phase of η. This will be discussed in a
later paper.
For weak coupling, one can locate the saddle point

and evaluate the magnitude of the coupling, using only
information computed while following the incoming
ray. Therefore, in this case there is no need to search
for the saddle point. Taylor expansion of h(q,p) to
second order about the origin (recall that the point z0
lies on a ray, henceD(σ0) = 0, and denote ∂h/∂q(σ0)
≡ ∂h0/∂q , etc.) is

h(q,p) = q
∂h0

∂q
+ p

∂h0

∂p

+ 1
2

(

q2
∂2h0

∂q2
+ 2qp ∂

2h0

∂q∂p
+ p2

∂2h0

∂p2

)

(23)+ · · · .
We note that the quadratic terms involve the Hessian
evaluated at z0, which we denote H0. We first locate
the saddle point (q∗,p∗) by one-step Newton iteration,

(24)
(

q∗
p∗

)

≈ − H− 1
0 · ∇h0,
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Earth Image Credit: NASA Goddard Space Flight Center
https://visibleearth.nasa.gov/view.php?id=57735 
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